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Abstract

We study online resource allocation with random rewards and bounded multidimensional
resource consumptions under known arrival distributions. We show that, under standard non-
degeneracy conditions, the value functions of both the optimal online policy and the dynamic
fluid policy—which re-solves a fluid relaxation at every state and uses the resulting optimal
dual variable to approximate the continuation value—admit the same performance expansion:
the fluid benchmark minus a common logarithmic correction term, up to a uniformly bounded,
policy-dependent remainder. Consequently, the dynamic fluid policy achieves a horizon-uniform
constant optimality gap relative to the optimal online policy. We further show that, under an
additional dual stability condition, a first-order policy that avoids repeated fluid optimization
achieves the same performance guarantee.

Subject classifications: Online resource allocation, logarithmic correction, constant optimality
gap, dynamic fluid policy, first-order policy.



1 Introduction

In this paper, we study a general online resource allocation problem in which a decision maker
manages limited inventories of multiple resources over a finite horizon of n periods. In each period,
an opportunity arrives according to a known distribution, and the decision maker selects an action
from a finite set. Each action consumes a combination of resources and generates a reward. The
objective is to select a sequence of actions that maximizes the expected total reward subject to the
resource constraints. This problem can be formulated as a finite-horizon discrete-time dynamic
program, with the state being the vector of remaining resources available.

Computing the optimal policy can be intractable due to the curse of dimensionality. Thus,
much of the literature focuses on developing simple and computationally tractable policies with
strong performance guarantees. A common and central heuristic is based on the deterministic fluid
relaxation and the associated dual prices. The deterministic fluid relaxation simplifies the stochastic
optimization problem by requiring that the capacity constraints hold only in expectation, and its
optimal dual variables assign a price to each resource. In this paper, we study a classic policy,
which we call the dynamic fluid policy. This policy re-solves the fluid relaxation and its optimal
dual prices at each decision epoch, and selects the feasible action with the largest reward net of
resource costs. This policy has been widely studied in the literature, including Lueker| (1998]), Bray
(2025), and (Chen and Wang (2025), and many other policies can be viewed as variants of it. Our
question is how much reward the dynamic fluid policy loses relative to the optimal online policy
characterized by the Bellman equation.

Instead of directly comparing a candidate policy with the optimal online policy, the literature
primarily evaluates its performance against an optimal offline benchmark. The optimal offline
benchmark allows the decision maker to observe the entire arrival sequence before selecting a
sequence of actions and serves as an upper bound on the performance of the optimal online policy.
For online resource allocation problems, when rewards and resource consumptions have finite
support, a constant loss relative to this benchmark can be achieved (e.g., Arlotto and Gurvich
2019, |Bumpensanti and Wang][2020, [Vera and Banerjee [2021}, and |Vera et al.|2021). When rewards
or resource consumptions are continuously distributed, under certain non-degeneracy conditions,
the dynamic fluid policy and its variants typically incur a ©(logn) loss relative to this benchmark.
Moreover, this logarithmic loss is order-optimal, as no non-anticipative policy can achieve a loss of
a smaller order (Bray|2025).

To our knowledge, the only exception is Wang and Wang (2022)). Wang and Wang| (2022) study



a different dynamic pricing problem and analyze a re-solving heuristic that is analogous to our
dynamic fluid policy. Under their non-degeneracy conditions, the re-solving heuristic achieves a
constant loss relative to the optimal online policy, whereas the fluid benchmark can exceed the
optimal online value by Q(logn).

Like Wang and Wang| (2022), we measure the performance loss of the dynamic fluid policy
relative to the optimal online policy, for the resource allocation problem. However, our performance
characterization is more refined. Under standard non-degeneracy conditions, we show that the value
functions of both the dynamic fluid policy and the optimal online policy share the same expansion:
the fluid benchmark minus a common logarithmic correction term I' log n, up to a uniformly bounded
remainder (Theorem . Consequently, the dynamic fluid policy incurs a constant optimality
loss relative to the optimal online policy, in contrast to the order-optimal ©(logn) loss relative
to the offline optimal benchmark established by Bray| (2025). The logarithmic correction I'logn
captures the stochastic loss shared by all non-anticipative policies, including the optimal online
policy, relative to the offline optimum. We explicitly characterize the coefficient I' and show that it
arises from the interaction between random resource consumption and the concavity of the fluid
value function; see Section for further intuition.

In Section [5, we further establish that, under an additional local dual stability condition, a
first-order policy that avoid re-solving achieves the same performance guarantee as the dynamic fluid
policy. This condition requires the gradient of the fluid relaxation’s dual objective to be Lipschitz
continuous in a neighborhood of the optimal dual variable. The first-order policy initializes the dual
prices at zero and updates them via gradient descent in each period. Thus, under the local dual
stability condition, re-solving is unnecessary to achieve a constant optimality gap relative to the
optimal online policy.

The rest of the paper is organized as follows. Section [1.1| reviews the related literature. Section
formulates the problem. Section [3] introduces our non-degeneracy conditions. Section [f] analyzes
the dynamic fluid policy and establishes its common performance expansion with the optimal
online policy. Section [f] analyzes a first-order policy that avoids re-solving and establishes the
same performance guarantee under an additional local dual stability condition. Finally, Section [6]

concludes the paper.

1.1 Related Literature

Online resource allocation has been extensively studied in operations research and management

science, with applications including network revenue management, online matching, and order



fulfillment, among others (Balseiro et al.[2023). A widely used approach to both policy design and
performance analysis is based on deterministic fluid relaxations and the associated dual prices. [Talluri
and van Ryzin (1998) construct static bid-price controls based on deterministic fluid relaxation
and establish an O(v/T) loss relative to the fluid relaxation when demand and capacity grow
proportionally. Much of the subsequent literature improves upon this baseline by periodically
re-solving the fluid relaxation as time and remaining capacity evolve, thereby allowing the dual
prices to adapt to the state. As discussed earlier, when rewards and resource consumptions have
finite support, such re-solving policies can achieve a constant loss relative to the offline optimum.

More recent work investigates beyond the finite-support setting.

Fluid-Based Policies under Non-Degeneracy Conditions When rewards or consumptions are
continuously distributed, a constant loss relative to the fluid or offline optimal benchmark is no
longer attainable. Nevertheless, logarithmic regret relative to these benchmarks can be achieved
under suitable non-degeneracy or stability conditions on the deterministic fluid relaxation. These
conditions take different forms, including local smoothness, strict complementarity, stability of the
binding resource constraints, and uniqueness of the optimal dual solution. |Li and Ye| (2021)) establish
O(lognloglogn) regret relative to the offline optimal benchmark under their non-degeneracy
conditions. Under different sets of non-degeneracy assumptions, Balseiro et al.| (2023) obtain an
O(logn) loss relative to the fluid relaxation, improving to O(1) in locally affine cases, and Bray
(2025)) establish a tight ©(logn) regret relative to the offline optimal benchmark. Finally, |(Chen
and Wang (2025) impose regularity conditions on the request distributions rather than on the
deterministic fluid relaxation. Their regularity conditions imply uniqueness of the optimal dual
solution but allow primal degeneracy.

Our model is more general than the known-distribution setting in [Bray| (2025)). Moreover, their
non-degeneracy assumptions imply ours, except that we additionally require local Holder continuity
of the second-order derivatives of the fluid value function. We show that the dynamic fluid policy
and the optimal online policy admit the same fluid-minus-logarithmic expansion up to an O(1)
remainder. Consequently, the dynamic fluid policy incurs only a constant loss relative to the optimal

online policy. See Section for further discussion.

Comparison with Wang and Wang (2022) Our work is also closely related to Wang and Wang
(2022), who study a price-based network revenue management problem and analyze a re-solving

heuristic that is analogous to our dynamic fluid policy. Under their non-degeneracy conditions, they



show that their re-solving heuristic achieves an O(1) gap relative to the optimal online policy, whereas
the fluid benchmark can exceed the optimal online value by Q(logn). We consider a distinct resource
allocation problem and obtain a more refined performance characterization: the dynamic fluid policy
and the optimal online policy admit the same performance expansion, n¢" — I'logn + O(1), from
which an O(1) optimality gap follows directly. We further establish the same performance guarantee
for a first-order policy under an additional dual stability condition.

Finally, the analytical approaches are also substantially different. [Wang and Wang| (2022) directly
compare the stochastic inventory processes under the re-solving and optimal online policies, using a
coupling of their demand noises together with stopping-time arguments. In contrast, we analyze
each policy separately by telescoping its one-period losses relative to the fluid benchmark along its
own trajectory. This approach yields a general performance characterization theorem that bounds
the gap between the value function of a policy m and the corrected fluid reference n¢™ — I''logn
in terms of its cumulative dual-price score loss up to a prescribed local exit (see Section for
details). We then show that the cumulative score loss is uniformly bounded for both the dynamic

fluid policy and the first-order policy, yielding the desired performance guarantees.

Beyond Non-Degeneracy Conditions Recently, several papers relax non-degeneracy assumptions
in online resource allocation. Besbes et al. (2024) allow gaps in the support and low probability
mass around these gaps. [Jiang et al.| (2025 study the network revenue management problem
with discrete resource consumption and continuously distributed rewards without imposing non-
degeneracy. Zhang| (20264d)) consider settings in which both rewards and resource consumption are
continuously distributed and allow both primal degeneracy and dual non-uniqueness. |Zhang (2026b)
develop a Bellman certificate approach to derive lower bounds on the gap between the optimal
offline and online values in the multi-secretary setting without non-degeneracy assumptions. These
papers typically use the offline optimum as the benchmark. Extending our analysis and performance
guarantees to more general settings without non-degeneracy requirements is a promising direction

for future research.

1.2 Notation and Terminology

For any integer m € Ny, let [m] 2 {1,2,...,m — 1,m} denote the set of integers from 1 to m. For

any real number z € R, let (x)"

£ max{z,0}. Given a vector X = (2;);e] € R", we write x > 0 if
x; > 0 for all i € [n]. We define the harmonic numbers by H; = Z?:l 471, with Hg £ 0. We use

a.s. to denote almost surely. For two sets A and B, we write A € B if A is contained in B and



has positive distance from the boundary of B; equivalently, A C B and dist(A, B¢) > 0. Unless
otherwise specified, || - || denotes the Euclidean norm for vectors and the induced operator norm

(i.e., the spectral norm) for matrices.

2 Problem Formulation

In this section, we describe our online resource allocation problem in Section and introduce its

fluid relaxation in Section which serves as the backbone of the policies analyzed in this paper.

2.1 The Online Resource Allocation Problem

We consider an online resource allocation problem over a finite horizon of n € N periods, during
which a decision maker collects rewards subject to resource constraints. Specifically, there are
m € N resources. The decision maker is initially endowed with an inventory of ¢; > 0 units of
resource i for each i € [m]. We let ¢ = (¢;)ic[m) € R denote the vector of initial inventories.
There are L+1 actions. We let A = {O, 1,... ,L} denote the action set, where action 0 represents
rejection. In each period, an opportunity arrives and is characterized by a vector of action-specific
rewards and resource consumptions 8 = (R4, Ba),c 4. Specifically, taking an action a yields a reward
R, € R and consumes resources B, = (By;) jeim] € R, where B,; denotes the amount of resource
j consumed by action a. We assume that Ry = 0 and By = 0, so rejecting an opportunity yields
no reward and consumes no resources. The opportunities are drawn independently over time from
a distribution ®. Finally, we assume that the positive part of rewards is integrable and that the

resource consumptions are uniformly bounded, as stated in Assumption

Assumption 2.1. There exist constants 7 > 0 and b > 0 such that

n - -
E[Iglezﬁi(Ra) ]Sr and glgijBaHooSb a.s.

In each period, the decision maker first observes the arriving opportunity and then chooses
an action. An action a is feasible only if its resource consumption does not exceed the remaining
capacity. Therefore, when the remaining capacity is ¢ € R’ and the arriving opportunity is 8, the
set of feasible actions is

A(c,0) £ {a € A: B, <c}.

Let II denote the set of all non-anticipating policies, under which the action in period ¢ depends

only on the opportunity arriving in period ¢t and the history up to period ¢ — 1, which consists



of all previously observed opportunities and actions. Let a] denote the action taken in period ¢
under a policy m € II. The decision maker’s objective is to choose a policy m € II that maximizes
the expected total reward over the planning horizon, subject to the capacity constraints that the
cumulative resource consumption does not exceed the initial inventory. The resulting stochastic

optimization problem can be written as follows:

n

> Ra

t=1

n
s.t. ZBG? <ec, a.s.
t=1

VoFT(c) =sup E
well

where V,°"T(c) denotes the optimal expected reward with n periods remaining and remaining
capacity ¢ € R’'. The optimal value function satisfies the Bellman equation

OPT _ oPT (.. _
Vn (C> = Ego [aerﬁ?ée){Ra + Vn—l (C Ba)}:|

with boundary conditions V"™ (c) = 0 for any ¢ € R’?. Finally, we remark that both the classic

network revenue management and stochastic matching problems can be formulated as instances
of the the online resource allocation problem we study, thus illustrating the generality of our

formulation (see Sections 3.3 and 3.5 of Balseiro et al.|2023]).

2.2 Fluid Relaxation and Dual Price

In this section, we introduce the fluid relaxation of the online resource allocation problem. The
fluid relaxation allows resource inventories to go negative and replaces the sample-path capacity
constraints with expected capacity constraints; that is, it requires only that the expected total
consumption of each resource not exceed its initial inventory.

Let p = c¢/n € R’} denote the vector of normalized inventories, where each component represents
the available inventory per remaining period. Let © denote the set of all possible opportunities 0,
and P denote the set of all opportunity-dependent randomized controls, p : © — A(.A). The fluid

relaxation is defined as
" (p) =sup Y Fora|Rap(6,a)]

peP acA (1)
st. Y Eows[Bup(6,0)| <p.
acA

The optimal value of , denoted by ¢ (p), represents the maximum expected reward per period



achievable with normalized inventory p. For a planning horizon of n periods with initial inventory

¢ = np, the following upper bound holds.

Lemma 2.1. Let p = c/n denote the vector of normalized inventories. Then
V" (e) SV (e) <n- 67 (p) s

where V.OFF (c) denotes the expected optimal reward when all n opportunities are observed before any

action s selected, subject to the sample-path capacity constraints.

We provide a formal definition of the offline optimum and prove Lemma [2.1] in Appendix

2.2.1 The Fluid Relaxation Dual Problem

We now derive the dual of the fluid relaxation by dualizing the capacity constraints with a dual
variable A € R'. The dual problem of is

o (p) = int, A" +vn}, (2)

where

VA 2 E {max {Ra - )\TBQ}]

acA
denotes the expected maximum net reward earned in a single period.
Since is a linear program, strong duality results for linear optimization in vector spaces (see
Theorem 1 in Section 8.6 of |Luenberger||1997) imply that strong duality holds and that an optimal
dual solution exists. Therefore, the optimal value of is equal to ¢"(p), and we let A*(p) denote

an optimal solution to (2).

3 The Non-Degeneracy Conditions

In this section, we state the non-degeneracy conditions underlying our main results in Section []
as Assumptions These assumptions are mild and, as we demonstrate in Section [4.3] are
satisfied by many notable online resource allocation problems.

In the remainder of the paper, given a vector p = (Pi)ie[m] € R and a subset B C [m], we
let pg 2 (pi);cg denote the restriction of p to the coordinates indexed by B. Similarly, for a set

U CR™, we define Ug = {pg : p €U} as the projection of U onto the coordinates indexed by B.



We first impose Assumption 3.1} which requires that, in a neighborhood of the point of interest,
the fluid value function admits a lower-dimensional representation (where the reduced coordinates

will correspond to the binding resource constraints) and that this reduced function is locally smooth.

Assumption 3.1 (Local Smoothness). There exist an open set U C (0,00)™, a nonempty subset

B C [m], and a function ¢g : RIBl — R such that:

1. For every p € U, ¢"(p) = b8 (pg).
2. The function ¢g belongs to C%“(Ug) for some Hélder exponent o € (0, 1]. That is, ¢g is twice
continuously differentiable on Ug, and, for every compact set Kg € Ug, there exists a finite

constant L such that
|V20e(x) — VZ¢s(y)|| < L|x—y|" Vxy€Ks.

Assumption implies that, for every p € U, the optimal dual variable A*(p) is unique and
admits the following characterization in Lemma We prove Lemma, [3.1] in Section

Lemma 3.1. For every p € U, the optimal dual variable X*(p) is unique. Moreover,

X (p) = (A (ps),0s),

where X (pg) = Vog(pg) and S = BC.

We next impose Assumption which requires that the set of binding constraints in the fluid
relaxation (1) remain unchanged throughout the neighborhood U. Specifically, the constraints
indexed by B are binding, whereas those indexed by S are strictly slack. We also assume that the
expected consumption of the non-binding resources is a continuous function of pg on Up.

Fix any p € U. Consider a static fluid policy for the fluid relaxation that always selects the

action

" (pg) 2 arg max {Ru~A(ps)"Bus} (3)

using the smallest-index tie-breaking rule. For each resource j € [m], define

Mj(PB) < E[BaF(pB),j]

as the expected per-period consumption of resource j under the static fluid policy. Assumption

is stated as follows.



Assumption 3.2 (Fixed Binding Set). For every p € U, the corresponding static fluid policy evaluated

at ppg satisfies:

1. pj(pg) = pj for all j € B,

2. puj(pg) < pj for all j €S.
Moreover, for every j € S, the consumption function p;(pg) is continuous on Ug.

Assumption implies that the expected per-period reward under the static fluid policy equals
the fluid relaxation benchmark, as stated in Lemma We prove Lemma [3.2] in Appendix

Lemma 3.2. For every p € U, we have E|:RaF(pB):| = ¢"(p).

Finally, we impose Assumption which controls how often the action a™ encounters competing
actions that are nearly indistinguishable in terms of their dual-price scores but differ substantially

in their consumption of binding resources.

Assumption 3.3 (Consumption-Weighted Margin). Define the dual-price score of an action a by
Sa(pg) £ Ra — Xpg)"Bas,
and the binding-resource consumption difference between two actions a and b by
dgy = | Bas — Bug|-
For every compact set Kg € Ug, there exist constants S > 0, tx > 0, and Cx < oo such that

sup E < O tfe 0<t<tx,

xEKp

Iglegﬁ( {dEF(x),b 1 <SaF(x) (x) — Sp(x) < tdSF(x),b) }

where a” (x) denotes the action with the highest dual-price score, as defined in (3).

Because action a* attains the highest dual-price score by definition, the difference S,r(x) — Sp(x)
measures how much more attractive action a* is than a competing action b. Assumption requires
that, as the tolerance t decreases, the consumption-weighted frequency of such near-indifference

events decays at a positive polynomial rate. The weight dSF (x),p Teasures the difference in binding-

b
resource consumption between the two actions. Near-indifference is less consequential when the two
actions consume similar bundles of binding resources, because switching between them has little

effect on the future inventories of those resources.



4 Constant Optimality Gap for the Dynamic Fluid Policy

In this section, we show that the optimal online policy and the classic dynamic fluid policy share a
common performance expansion: the fluid benchmark minus the logarithmic correction, up to a
uniformly bounded, policy-dependent remainder. Consequently, the optimality gap between the
two policies is uniformly bounded by a constant. In what follows, we first provide intuition for
the logarithmic correction in Section then define the dynamic fluid policy and analyze its
performance in Section [£.2] Finally, in Section we discuss the implications of our results for
several specific online resource allocation problems.

For any normalized binding state x € Ug, let a”(x) denote the static fluid action in evaluated
at pg = x. Let Yg(x) = B (x),B denote its binding-resource consumption, and define its covariance
matrix by ¥(x) £ Cov(Yg(x)), where the expectation is taken with respect to 8 ~ ®. We define

the logarithmic correction coefficient as

P(x) 2 L E[(Ya(x) —x)" Vos(x) (Ya(x) ~ x)]

1 (4)
=-3 tr(V2eg(x) X(x)) .

Hence, I'(x) captures the interaction between the curvature of the fluid value function along the
binding-resource directions and the randomness in binding-resource consumption under the static
fluid policy. Since ¢g is concave on Ug by the concavity of ¢, its Hessian satisfies V2@ (x) < 0 for

all x € Ug. Therefore, by (), I'(x) > 0 for every x € Ug.

4.1 Intuition for the Logarithmic Correction

Define the fluid relaxation upper bound by F,(c) = n¢"(c/n) for n > 1 and let Fy(c) = 0. We
first provide intuition for why the logarithmic correction takes the form I'logn, which yields the

following corrected fluid reference:
F.(c) —T(cg/n)Hp—1 + O(1).

Suppose that n > 2 periods remain and that the normalized inventory of the binding resources
is x € K. Let a"(x) denote the static fluid action defined in (3], and recall that Yg(x) denotes

its consumption of binding resources. After taking action a"(x), the normalized binding-resource

10



inventory in the next period is

N nx — Yg(x) :X+X—YB(X)

X
n—1 n—1

Define the one-period fluid residual as
07(%) 2 nop(x) — E| Ryr) + (n — 1)(x)]

which compares the fluid benchmark with the expected one-period reward and fluid continuation

value under the static action. By Assumption E[Yg(x)] = x, and hence E[x/| = x. Moreover,
Lemma 3.2 gives E[Rap(x)] = ¢g(x). Therefore,

0n(x) = (n — 1) (¢B(x) — E[¢e(x)]) = 0,

where the inequality follows from the concavity of ¢g and Jensen’s inequality. Thus, the residual
captures the effect of random consumption on the curved continuation fluid benchmark: although
the static action earns the fluid reward in expectation, randomness in the successor state reduces
the expected fluid continuation value relative to its value at the mean successor state.

A second-order Taylor expansion of ¢g(x’) around x makes the magnitude of this effect explicit:

8 (x) = —Vep(x) Elx — Yg(x)] — 2(n1—1)E[(X —Yg(x))"VZ¢(x)(x — Yg(x))] + O(n™ ')
= 75(_)()1 + O(n_l_a). (5)

Here, the first equality follows from the local a-Holder continuity of V2¢g in part 2 of Assumption
assuming that n is sufficiently large so that the line segment between x and x’ lies in a compact
subset of Ug. The second equality follows from E[Yg(x)] = x and the definition of I'(x). In
Lemma we show that the expansion holds uniformly on a compact set containing Kg.

Choose ng sufficiently large so that holds for every n > ng+ 1. Keeping x fixed and summing

the one-period residuals then yields the logarithmic correction:

> 67(x) =T(x)Hp1 + O(1).
Jj=no+1

This calculation, however, provides only a frozen-state heuristic. Along the actual trajectory of a

policy, the normalized binding state x changes after each action, and hence so does I'(x). Therefore,

11



although the calculation identifies the source and order of the logarithmic correction, it does not by
itself yield a valid Bellman telescope. Such a telescope must evaluate the state-dependent correction
at the random successor state x’, rather than repeatedly at the current state x. Our subsequent
analysis accounts for precisely this state dependence. For each policy analyzed below, we show that
replacing the values of I' along the trajectory with its initial value changes the accumulated residual

by only a bounded amount.

4.2 Analysis of The Dynamic Fluid Policy

In this section, we describe the dynamic fluid policy and analyze its performance. Throughout
Section we index time forward: k denotes the number of decisions made since the beginning of
the horizon, and h;, = n — k denotes the number of periods remaining after the k-th decision. In
addition, let ¢ denote the remaining inventory after the k-th decision and p;, = c/hy denote the
inventory per remaining period.

The dynamic fluid policy belongs to the family of dual-price-based policies described in Algo-
rithm (1] In each period, a dual-price-based policy selects a feasible action that maximizes the reward

net of resource costs evaluated at a dual-price vector A € R’

Algorithm 1: Dual-Price-Based Policy
Input: Initial inventory c, horizon n, and a dual-price-selection rule.
1 Initialize cg = c.
2 fork=0,...,n—1do
Set hy =n — k and p;, = ci/hy.
Compute the dual price Ay € R using the specified rule.
Observe the opportunity 01 = (Rak+1,Bak+1)acA-
Select aj11 = arg MaX,e 4(cy,0,.1) 1L0ak+1 — A Bak+1}, breaking ties by the smallest

[=2 B S N

index.
7 Collect Ryy1 = Ry, kv1 and set Y1 = Boy ) ki1
8 Update cy+1 = ¢t — Yit1.
9 end for

At each state (hg,ck), where hy is the number of remaining periods and cj is the remaining
capacity, the dynamic fluid policy solves the fluid relaxation dual problem using the normalized
remaining capacity p;, = ci/hi. It then uses the resulting optimal dual variable A*(p;,) as the dual

price in Algorithm |1} Formally, at state (hg,c), the dynamic fluid policy selects the action

ap, (ck) £ argmax {Ra - }\*(ck/hk)TBa} (6)
aE.A(ck,B)

12



using the smallest-index tie-breaking rule. We let 7°F denote the dynamic fluid policy and V,>"(c)
its expected total reward starting from state (n,c).

When p = ¢/n € U, Lemma shows that the optimal dual variables associated with the
resource constraints indexed by S are zero. Consequently, letting B,g = (B,)g, the policy mPF

equivalently selects, at each state (n,c) with p =c¢/n € U,

"(e) = arar(nag)i {Ra - /\(pB)TBaB} .
acA(c,

a

Moreover, when all actions are feasible at the state (n,c), we have a."(c) = a"(pg).

Theorem establishes that the optimal online policy and the dynamic fluid policy share a
common performance expansion: the fluid benchmark minus a logarithmic correction, up to a
uniformly bounded remainder. Thus, the optimality gap between the two policies is uniformly

bounded by a constant.

Theorem 4.1 (Common Expansion and Constant Optimality Gap). Suppose Assumption and
Assumptions hold. For every compact set KK @ U, uniformly over states satisfying c/n € K,

we have

V" (e) =n¢"(c/n) —T(eg/n)logn + Ok(1),
Vo (e) =ng¢"(c/n) — T'(cg/n)logn + Ok (1).

Here, Ox(1) denotes a remainder that is uniformly bounded over all n > 1 and all states with
c/n € K. Consequently, there exists a constant Cx < oo, depending only on the model primitives

and the set KC, such that for every n > 1 and all states with c/n € K,
0< V2P (c) — V> (e) < Ck.

We prove Theorem in Section by establishing a stronger result. Specifically, for any policy
m, define a stopping time as the first time its trajectory exits a local region or the remaining horizon
reaches a predetermined integer. We define the cumulative dual-price score loss of policy 7 as its
expected shortfall in dual-price score (defined in Assumption , evaluated at the state-dependent
optimal dual prices and accumulated along its trajectory before stopping. In Theorem [B:7, we
establish that the performance gap between the value function of policy 7 and the corrected fluid

reference Fy,(c) — I'(cg/n)H,—1 + O(1) is proportional to its cumulative dual-price score loss.

13



On the other hand, before stopping, every action is feasible, so the dynamic fluid policy 7°*
selects the static fluid action a(pg) at the current binding state pg, which maximizes the dual-price
score. Hence, its cumulative dual-price score loss is zero. This implies that both the dynamic fluid
policy and the optimal online policy achieve the corrected fluid reference up to uniformly bounded

constants.

4.3 Applications to Specific Online Resource Allocation Problems

In this section, we apply Theorem to three specific online resource allocation problems and

demonstrate the new results it yields in these settings.

4.3.1 The Uniform Multisecretary Model

We first consider the uniform multisecretary problem (Section 3 of Bray|[2025)). In this problem,
the decision maker has a single resource with an integer capacity ¢ € N,. In each period ¢, the
decision maker observes a value V; and either accepts it, consuming one unit of capacity, or rejects
it. The values {V;} are i.i.d. standard uniform random variables. This problem is a special case of
our online resource allocation problem with a single resource (m = 1), an action set A = {0, 1}, and
reward-consumption pairs (Ro, By) = (0,0) and (R1, B1) = (V,1) with V' ~ Unif[0, 1]. Propositions
1 and 2 of Bray| (2025) establishes a tight O(logn) lower bound on the performance gap of any policy
relative to the offline optimal benchmark when the initial capacity is proportional to the horizon.

We note that on the set & = (0,1), Assumption and Assumptions to are satisfied
with binding-resource set B = {1}, fluid value function ¢"(p) = ¢g(p) = p — p?/2, and optimal dual
variable \*(p) = 1 — p. The dynamic fluid policy 7°F takes a simple threshold form: in each period
with ¢ units of remaining capacity and n periods remaining, it accepts the arrival if and only if
V>1-c¢/nandc>1.

Theorem implies that, for every compact set K € (0, 1), uniformly over all states (c,n)
satisfying ¢/n € IC, both V7" (¢) and V,?"(¢) admit the expansion

1 1
n (p - 2[)2) = 5p(L=p)logn+Ok(1),  p=c/n.

Therefore, the dynamic fluid policy has a uniformly bounded optimality gap relative to the optimal

online policy.
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4.3.2 The Stochastic Knapsack Problem of |Lueker (1998)

In stochastic knapsack, the decision maker sequentially observes n i.i.d. nonnegative weight-value
pairs (W, V) and must decide whether to accept each item before observing the next. The decision
maker has a total capacity of nfy. If the remaining capacity is ¢, an item can be accepted only
if W < ¢. Acceptance yields reward V and consumes W units of capacity. This problem is a
special case of our online resource allocation problem with one resource, action set A = {0,1}, and
reward-consumption pairs (Rg, Bg) = (0,0) and (R, By) = (V,W).

Lueker| (1998) studies an OnLineGreedy policy that coincides with our dynamic fluid policy for
the stochastic knapsack problem. Theorem 2 of |Lueker| (1998) shows that, under their Conditions 1-3,

the value of the OnLineGreedy policy admits the following expansionEE]

n¢" (Bo) — I'(Bo) logn 4 o(logn) .

Thus, this policy differs from the offline optimal benchmark by ©(logn). Moreover, this order is
tight: no non-anticipative policy can improve the gap by more than o(logn).

Lueker’s Conditions 1-2 imply our Assumption and Assumptions Thus, our model
is more general and our assumptions are weaker. Moreover, Theorem yields a stronger result:

both V,°""(¢) and V,>"(c) admit the expansion

Consequently, the dynamic fluid policy has only a uniformly bounded performance gap relative to

the optimal online policy.

4.3.3 The Online Linear Programming Problem of Bray (2025)

We next consider the online linear programming problem studied in Section 4 of Bray| (2025)). The
decision maker begins with an inventory vector n@3 € R" and sequentially observes n i.i.d. requests
(ug, a). Accepting request ¢ yields utility u; > 0 and consumes the resource vector a; > 0, whereas
rejecting it yields no utility and consumes no resources. This problem is a special case of our problem

with action set A = {0, 1} and reward-consumption pairs (Ro, Bg) = (0,0) and (R1,B1) = (u, a).

!As a notable example, in [Lueker| (1998), Conditions 1-3 hold when the values V and weights W are independent
standard uniform random variables.

*We note that %(8o) in Lueker’s Theorem 2 equals our ¢" (Bo) and o3 /(2a0) equals our I'(8o). Thus, the first-order
and logarithmic terms in Lueker’s expansion coincide with those in Theorem
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In the known-distribution setting, Bray (2025]) analyze the same policy (Algorithm 2 therein) as
our dynamic fluid policy. Their Theorem 1 establishes an O(logn) gap for this policy relative to
the offline optimum, and their Theorem 3 establishes an Q(logn) gap for the optimal online policy.
Thus, the logarithmic order relative to the offline optimum is tight.

Bray’s non-degeneracy conditions, stated in their Assumptions 1-6, imply ours in Section
except for the local a-Hélder condition on V2¢g required in part 2 of Assumption Under this
additional local Holder condition, Theorem further establishes that the dynamic fluid policy has

a uniformly bounded optimality gap relative to the optimal online policy.

5 Constant Optimality Gap for a First-Order Policy

In this section, we show that, under additional regularity conditions, a first-order policy without
re-solving achieves the same performance guarantee as the dynamic fluid policy 7#PF. The first-order
policy initializes the dual prices at zero and updates them using gradient descent. We denote this

D

policy by 7¢P and its value function by V%" (c).
For an opportunity 8 and a dual price A € R, define the static fluid action and its expected

resource consumption by

a(X, 0) = argmax { R, — A"B, }, m(A) = E[Ba()\,e)], (7)
acA

where ties are broken by the smallest index. Recall that the objective of the fluid relaxation dual

problem (2)) is
Lo(A) £ ™A+ V(A).

The policy 7P follows Algorithm [1| with the following dual-price update rule. Fix a step size n > 0
and initialize Ag = 0. After period k£ + 1, the policy updates the dual prices using the pre-decision

inventory ratio p;, and the expected resource consumption m(Ag):

Mer = (M= nfp —mw}) )

where p, —m(Ay) is a subgradient of £, (A) at Ag. To establish the performance guarantee of 77,

we impose the following local dual stability condition.

Assumption 5.1 (Local Dual-Gradient Lipschitz Continuity). For every compact set K € U, there
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exist constants ex > 0 and Lx < oo such that, for every p € K,

IVV(p) - VW)l < Lgllp—dll,  p,q€ B(X(p)ex).

Under Assumption Theorem [5.1] establishes that 7¢° admits the same performance expansion

and thus achieves the same performance guarantee as the dynamic fluid policy 7°F.

Theorem 5.1 (Performance of the First-Order Policy 7¢P). Suppose Assumptions 2.1, and
hold. For every compact set IC @ U, there exists a constant fx > 0 such that, for any n € (0, 7],

D

the policy w°P with step size n satisfies

ViP(c) =n¢"(e/n) —T'(cg/n)logn + O (1)
uniformly over states satisfying c/n € K. Consequently,
0 < V" () = V;P(e) < Cky

for every n > 1 and all states with ¢/n € K, where Cx,, < oo depends only on the model primitives,

set K, and step size n € (0, 7x].

We specify the constant 7 and prove Theorem in Appendix By Theorem the
cumulative dual-price score loss of a policy 7 serves as a proxy for its performance gap relative to
the dynamic fluid policy «PF. In particular, if this cumulative loss is uniformly bounded, then 7
admits the same performance expansion and achieves the same performance guarantee as 7°F. In
Appendix we establish such a uniform bound for 7P, thereby proving the desired result.

The key argument proceeds in two steps. First, although the initial dual prices may lie outside
the region where the dual objective is smooth, the global convexity of V(A) and boundedness of
its subgradients ensure that, for a sufficiently small fixed step size, the dual prices enter a suitable
neighborhood of the optimal fluid price within a finite number of periods independent of the
horizon. Thereafter, the local Lipschitz continuity of the dual gradient (Assumption allows us
to establish a contraction toward the current optimal fluid price A; = (A(xx), 0s) under projected
gradient updates. This contraction yields a uniform bound on the cumulative squared tracking error

S 1Ak — A%l|?, which in turn bounds the cumulative dual-price score loss.
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6 Conclusion

We have studied a general online resource allocation problem under known arrival distributions. We
show that, under standard non-degeneracy conditions, the dynamic fluid policy and the optimal
online policy admit the same performance expansion: the fluid benchmark minus a common
logarithmic correction, up to uniformly bounded remainders. Consequently, the dynamic fluid policy
achieves a horizon-uniform constant gap relative to the optimal online policy. Our analysis is based
on a telescoping argument that connects policy performance to cumulative dual-price score loss
before the policy’s trajectory exits a local region. Finally, we show that, under an additional dual
stability condition, a first-order policy achieves the same performance guarantee using gradient

updates without re-solving the fluid problem.
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A Proofs in Sections 2] and [3

A.1 Further Details of Lemma [2.1]
A.1.1 Definition of the Offline Optimal Value V,°""(c)

Let 61, ..., 0, be independent copies of @ ~ ®, where 0; = (R, +, Bat)qc.a records the action-specific
rewards and resource consumptions in period ¢. The offline benchmark observes the entire sequence
01,...,0, before selecting an action in each period and is defined by

n

A
VO () 2Rl max > Ry
(a1,...,an)EA™ et
>t=1Bayt<c

A.1.2 Proof of Lemma 2.1

Since the offline benchmark V" (c) observes the entire sequence {6, }}_; before making any decisions,
the value of perfect information implies that V,°""(c) < V,.9FF(c). We next show that

VnOFF(C) <n- ¢F(p)7

that is, the fluid relaxation provides an upper bound on the offline optimal benchmark. This result
is standard and can be established in several ways. For completeness, we provide a proof based on
the dual formulation of the fluid relaxation. An alternative proof can be obtained from the primal
formulation by following a similar argument as in the proof of Proposition 1 of Balseiro et al.| (2023).

Fix a dual variable A € R7. For every realization of the arriving sequence {6;} and every
feasible action sequence (aq,...,a,) € A",

n n n
Z Rat,t =t Z Bat,t + Z(Rat,t - ATlaat,t)
t=1 t=1 t=1
n
<A+ Y (Rat — A"Bq,y)
=1
tn
<Ac+ ;I&%{Ra’t — )\TBayt} ,

where the first inequality follows from the capacity constraint y ;" ; Bo, + < c and A > 0. Maximizing
this pathwise inequality over all feasible action sequences and taking expectations gives

=ATc+nV(A).

The equality follows from the fact that the opportunities are identically distributed across time and
the definition of V(). Since the bound holds for every A € R, we have:

OFF < : T
VO (e) < Agﬁ&{x c+nV(}\)}
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—n_inf {X" N}

"l A Y
=n¢"(p),

where the first equality uses ¢ = np and the second equality follows from the strong duality between

and .

A.2 Proof of Lemma 3.1]
Let A* be an optimal solution to the dual problem at some p € U. From we have
¢F(p/)SA*TP/_’_V(A*):¢F(p)+A*T(p/_p)’ vpleRm’

where the equality follows from the optimality of A* at p. Hence, A* is a supergradient of the
concave function ¢" at p.

On the other hand, since ¢"(p) = ¢g (pg) and ¢g € C>*(Ug) by Assumption the fluid value
function ¢" is differentiable on U, with gradient

V¢ (p) = (A (pg),0s).

Because a differentiable concave function admits a unique supergradient at every interior point of
its domain, it follows that

A" = V¢ (p) = (A(ps) . 0s).

Therefore, every optimal dual solution coincides with this vector, implying that the optimal dual
solution is unique.

A.3 Proof of Lemma
For any p € U, we have A*(p) = (A (pg),0s) by Lemma Therefore, from (2)),

5°() = A(pe)" b + | ma (.~ Ape)" Bus |
=A (pB)T pg +E [RaF(pB) -A (pB)T BaF(pB),B]

=E [RaF(pBJ :

where the first equality follows from the optimality of A*(p), the second equality follows from the
definition of a"(pg) in , and the third equality uses E[BGF( PB),B] = pg from Assumption

B Preliminaries for the Proofs in Sections [4] and

In this section, we develop preliminary results for the proofs in Sections [d] and [f] Specifically, Sec-
tion constructs buffer regions, and Section establishes several auxiliary lemmas. Section
establishes a performance characterization theorem (Theorem based on cumulative dual-price
score loss, and Section [B-4] provides its proof.
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B.1 Notation and Buffer Regions

Fix a compact target set K and let Kg £ { pPg:pPEK } € Up denote its projection onto the binding
coordinates. For xg € RIBl and r > 0, define the open and closed Euclidean balls of radius r centered
at xg by

B(xo,7) £ {x € RIB!: |x — x| < r},

B(xo,r) £ {x e RBI: ||x — xo| < 7}.

Choose 1o > 0 sufficiently small such that

IEB = U {X: HX—X()H < 27"0} € Up.

xoGKB

Let S £ B¢ denote the set of slack resources. If S # @, then, by the compactness of &, the continuity
of 11;(-) on Ug for each j € S, and the strict slackness in Assumption we have

2 inf { - .
g = inf min | p; — MJ(PB)}>O

By further decreasing rg, if necessary, the continuity of 1;(-) on Ug for each j € S ensures that, for
every xg € Kg,

Ix—xoll <20 = [us(x) = pa(xo)| <8/4, VseS. (9)

We henceforth fix this choice of ry. Since IEB is compact and contained in (0, oo)|B|, there exist
constants pg > 0 and pg < oo such that, for every x € Kp,

T > pg Vie B, and IIx|| < pg- (10)

Finally, let « € (0, 1] denote the Holder exponent in part 2 of Assumption and let S8y, O,
and t, be the constants specified in Assumption E for ICB Since replacing t* and (B, by their
respective minima with 1 preserves the bound in Assumption [3.3] we may assume without loss of
generality that

€ (0,1] and By« € (0,1].
We define v £ min{a, B:} € (0,1].

B.2 Useful Lemmas

In this section, we establish several auxiliary lemmas for the subsequent analysis. Throughout, all
constants may depend on K and the model primitives, but are independent of a particular element
in K and the horizon n.

B.2.1 Extension Along Slack Coordinates

Although Assumptions [3.1] and [3.2] are stated on the original neighborhood U, the inventories per
remaining period of slack resources may increase as the remaining horizon decreases. Therefore, the
normalized state need not remain in U as it evolves. Lemma shows that, as long as the slack
resources are strictly slack, the fluid value, optimal dual prices, and dual-price actions continue to
depend only on the binding coordinates.

Recall that a"(x) denotes the static fluid action defined in (3]) and a."(c) denotes the action
chosen by the dynamic fluid policy at state (c,n) defined in Section We now state Lemma
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Lemma B.1 (Extension Along Slack Coordinates). Define the extended region

Uz {p:ps e, ps> ps(pg) for every s € S}.

The following statements hold.

1. For every p € U, the fluid relazation satisfies ¢ (p) = ¢pg(pg), and the static action a*(pg)
s optimal to .
2. For every p € U, the fluid relazation has the unique optimal dual variable (A(pg),0s).

3. At any state (c,n) with c/n € U at which all actions are feasible, a®" (c) = a¥ (cg/n) almost
surely.

Proof. For any x € Ug, there exists a reference point p°(x) € U such that p’(x)g = x by the
definition of the projection Ug. Since the static fluid action o depends only on x, Assumption |3.2
and Lemma [3.2] yield:

E[BGF(X)B] — x, E[BGF(X),J} = (%) Vj€ES, JE[RQF(X)} — ¢p(x). (11)

Proof of Part 1. Fix p € U and let x = pg- Since pj(x) < pj for all j € S, implies that a*(x) is
feasible to at p and attains objective value ¢g(x).

By Lemma (A(x),0s) is dual optimal at p%(x). Because p®(x)g = x and ¢* (p"(x)) = ¢g(x),
its dual objective value is

A(x)'x + V(()\(X), 05)) = ¢p(x).

Thus, (A(x),0s) has a dual objective value ¢g(x). Since a”(x) is primal feasible at p and attains
the same value, strong duality implies that a"(x) is optimal for , (A(x),0s) is dual optimal, and

o"(p) = ¢B(x) = ¢B(PR)-

Proof of Part 2. Tt remains to show that (A(x),0g) is the unique optimal dual variable. Let A be
any optimal dual variable at p. The strong duality and the optimality of a"(x) imply:

(A) [RaF (x)]

0=Xp+VA) —E
= ;ﬂ:ﬂ X (pi = E[Bur.i]) + E[mzﬁ( {Ra=A"Ba} = (Rare) - XTBGF(X))] .

ac
i

The first term on the right-hand side is nonnegative because A >0 and a®(x) is feasible at p. The
second term is also nonnegative because the pointwise maximum is at least the score of the specific
action a"(x). Since their sum is zero, both terms must be zero. In particular, since ps — ps(x) > 0
for every s € S, we must have Ay = 0 for every s € S. Thus, A = (Ag, 0s). Because pg = p’(x)g = x,
this vector has the same dual objective value at p and p°(x) and is therefore dual optimal at p%(x).
Lemma (3.1 then yields A = (A(x), 0s).

Proof of Part 3. By part 2, the optimal dual variable at this state is (A(pg),0s). When all actions
are feasible, a."(c) and a"(cg/n) maximize the same objective with the same tie-breaking rule.
Hence al¥(c) = a"(cg/n) almost surely. O
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B.2.2 One-Step Containment and Local Feasibility

Fix a constant r € (0, 7], where rq is the radius specified in Appendix For any xg € Kg, define
the local region

D(xg) = {p : pg € B(x0,7), ps > ps(xo) +0/2 for every s € S}. (12)

When S = &, we omit the slack-resource conditions in ((12)). Lemma shows that, when the
remaining horizon is large, the one-step successor of any state in D(xg) remains in U, with its
binding-resource coordinates contained in B(xg, 27).

Lemma B.2 (One-Step Containment and Local Feasibility). For any fized radius r € (0,ro], there
exists an integer no(r), depending only on K, r, and the model primitives, such that the following
statements hold for every remaining horizon h > no(r) + 1, xg € Kg, and p = c/h € D(x¢):

1. Every action a € A is feasible at c.
2. pel and apt(c) = a*(pg) almost surely.

3. For any action a € A, the corresponding one-step successor ratio p® = (¢ — B,)/(h — 1)
satisfies (1) pg € B(xo,2r) and (ii) p? — ps(pg) > 6/8 for any s € S. Thus, p* € u.

Proof. Choose an integer no(r) > 1 such that

_ 5 Blb b
(no(r) + 1) pg >, P2 VIBIP <2 (13)

)

no(r) no(r)

o] lISY

The last condition is not needed if S = &.

Proof of Part 1. It suffices to show that ¢ > b1. By , the capacity of each binding resource is at
least hpg > b. For a slack resource s € S, its normalized capacity exceeds ps(xo) +6/2 > 6/2, so its
capacity is at least hd/2 > 4b. Consequently, ¢ > b1 as desired.

Proof of Part 2. For every s € S, we have us(pg) < ps(xo) +0/4 < ps, where the first inequalit
follows from (9) and the second from the definition of D(x¢). Hence, p € Y. Part 3 of Lemma
together with part 1, implies that a;"(c) = a"(cg/h) almost surely.

Proof of Part 8. For every action a € A, we have

p_Ba
h—1"

p'=p+ (14)

For the binding coordinates, and imply

pBHSpB—i— \/|B|b§pB+ V|B|b§r
h—1 no(r)

g —

Therefore,
lpg — xoll < llpg — pall + [lPs — %0l < 2r.
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For each slack coordinate s € S, from ,

S

b
p?ZPS—m > ps(xo) +

>

o |
—_

|
v

> us(pg) + ps(pg) +

o, N>
oo ||

>
|
—_

The second inequality follows from p = c¢/h € D(x¢). The third inequality follows from p(pg) <
ps(x0) + /4 due to || pg — xol| < 2r and (9). The fourth inequality follows from the third inequality

in . O

B.2.3 Héolder Continuity of the Coefficient I'(x)

In this section, we establish that the logarithmic coefficient I'(x) is locally v-Ho6lder continuous,
where v = min{a, 3,}.

Lemma B.3 (Holder Continuity of I'). There exist uniform constants Cr and Ly such that, for every
xo € Kg and all x1,%x2 € B(xq,2r0), we have

‘F(Xl)l S CF, ‘F(Xl) - F(Xg)’ S LF HXl — XQH’Y.

Proof. Recall from that
1
L) £ =5 tr (v2¢3(x) z(x)).

Since V2¢g is continuous on the compact SetJEB by Assumption and is therefore uniformly
bounded, and ¥(x) is uniformly bounded on Kg by Lemma it follows that I'(x) is uniformly
bounded on Kg.

We now prove the local y-Holder continuity. For two points x1,x2 € B(Xg,2r0), adding and
subtracting V2¢g(x2)X(x1) inside the trace yields

I'(x1) —D(x2) = —% tr ({V2¢B(X1) — V2¢B(X2)}Z(x1) + V2¢B(x2){2(x1) — E(Xg)}).

Since | tr(AB)| < d || Al|||B|| for any A, B € R4, it follows that
B
IP(x1) = T(x2)] < ’2 {HV2¢B(X1) — V2gp(x2)|| [|[2(x1)]| + [ V208 (x2) || | (1) — 2(X2)H}~

By Assumption V2¢g is bounded and a-Holder continuous on Kg. Moreover, by Lemma
> is bounded and S,-Holder continuous on Kg. Hence, there exists a constant C' < oo such that

[Pxr) = Tioea)| < € (Jlxa = x| + [fx1 = %))

Consequently, I'(x) is locally y-Holder continuous with v £ min {a, 5*}. O

Lemma B.4 (Holder Continuity of the Covariance Matrix ). There exists a constant C < oo such
that, for every xg € Kg and all x,x" € B(xo,2r),

|=(x)] <C, (%) - ()| < C|lx - /||,
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Proof. Define the second-moment matrix
My () 2 E[Byr .8 Bl 5 -

By Assumption part 1,
Y(x) = Ma(x) — xx".

First, 3 is bounded on Kg. This is because Ms is bounded by Assumption and compactness of
Kg implies that xxT is bounded.

Second, the map x — xx™ is Lipschitz continuous on IEB and hence ,-Hdélder continuous because
Bx < 1. Therefore, to establish that X is S4-Holder continuous on IEB, it suffices to show that My is
B-Holder continuous, which we do now.

Step 1. Preparation Fix xo € Kg and two points x,x’ € B(Xq,2r0). Let i = a"(x) and j = a" (x').
Optimality of 7 at x and of j at x’ yields

SZ(X) — Sj(X) > O, Sj(X/) — Si(X/) > 0.
Therefore,

0 < (S:(x) = 85(x)) + (8;(x) = S(x')) = (Ax) = A(x))T (Bie—Bijs)

< [IAG) = AC)|[[[Big — Byl < Crllx = x| i,

for a constant €1 < oco. Here, the second inequality is because A = Vg is continuously differentiable
on Kg € Ug by Assumption and hence is Lipschitz continuous on K.
Note that on the event { j=a# z}, the preceding inequality yields
0 < Si(x) — Sa(x) < Cy||x — x| dB .
Therefore,
df1{i # 3} < max df, 1) = a} < mae {df, - 1(0 < i(x) — Salx) < Crllx ~ ¥ dF,) }
aFtt ae

Hence, whenever C1||x — x/|| < ¢, Assumption (3.3 implies

E[d?j 1{i %j}} < Oy [lx — x| (15)
for some constant Cy < oo.

Step 2. Holder Continuity of the Second-Moment Matrix M, For any two vectors u,v € RY,
Juw® —vo' || = flu(u —v)" + (u—v)v" || < (ull + [[o]) [lu = v]|.
Hence, by bounded consumption, for some constant C3 < oo,

|BisBig — BsBjg| < Cs d?j . (16)
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The random matrices inside the expectations defining My(x) and Ms(x) coincide when i = j.
Therefore, by and (16]), whenever C1x — x'|| < ¢,

1M2(x) = Ma(x')| < C2 O - [|x — x| .

For the remaining case, ||x — x'|| > r £ t,/C;. By the boundedness of M,

[ Ma(x) — Ma(x)|| < 2 sup ||Ma(z)| < (2 sup || Ma(z)]| '7“_5*> [l — ||
z€Kp zeKp

Thus, Ms is S4-Holder continuous on IEB. O

B.2.4 The One-Step Residual

Fix xo € Kg and x € B(xq, 7). Suppose that n periods remain and that the normalized inventory
of the binding resources is x. After taking action a"(x), the normalized binding-resource inventory

in the next period is

-Y -Y
e Ye(x) | x—Ve(x)
n—1 n—1
where Yg(x) £ B,r (x),8 18 the binding-resource consumption under action a"(x), as defined before.
For all n > ng(rp), the successor state x’ and the line segment joining x and x’ lie in B(xq, 2r¢) by

part 3 of Lemma Define the one-step residual relative to the fluid benchmark by
57 (%) 2 nop(x) — E| Ryr i + (n — 1)6s(x)| (17)

Through a second-order Taylor expansion of J;,(x), Lemma shows that ) (x) equals % plus a
summable remainder.

Lemma B.5 (Second-Order Expansion of the One-Step Residual). Uniformly over any x¢ € Kg and
x € B(xo,10),
I'(x) i
5F — 11—« .
560 = 00 4 o)
In particular, there ezists a constant C' < oo such that |6F (x)| < C/n uniformly over x¢ € Kg and
x € B(xq,70) for all sufficiently large n.

Proof. Define h £ *_Bl(x). By bounded consumption and the compactness of IEB, there exists a

constant C7 < oo such that ||h| < % uniformly over x € Kg for all sufficiently large n. Take n
sufficiently large so that C1/n < ro. Then, for every t € [0,1], [|x + th — x| < 279, and hence the
line segment {x + th : t € [0,1]} is contained in B(xg,2r(). By Lemma [B.6

G5 (x+ ) = 65(x) + A(x)"h + Jh" V2 (x) b+ (x,h) (18)

where

1
(%, h) = / (1 — )" [ V265 (x + th) — V295 (x) | .
0
By the a-Holder continuity of V2¢g in Assumption , there exists a constant L < oo such that

Hv2¢3(x ¥ th) — v2¢B(x)H <L-t*|n)e,  Vtelo1].
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Therefore,

1
(19)
1
<L Hh|!2+“/ (1—t)t*dt < Cyn~2te)
0

for some constant Cy < 0.

Substitute into . Note that E [RaF(X)] = ¢g(x) by Lemma Moreover, Assumption
gives E[Yg(x)] = x and hence E[h] = 0. Finally,

(n—1)2E[b" V6a(x) b] = B [<x—YB<x>>T V65 (x) <x—YB<x>>] ~ r(V2a(x) D)) = —20(x)

Combining these identities with and yields

I'(x)
n—1

0 (x) = nop (x) — E[RQF(X) Y (n—1)¢p (x+ h)] - n o(n—l—a).

The uniform bound on I' in Lemma therefore implies that |0} (x)| < C/n for some uniform
constant C' < oo and all sufficiently large n. O

Lemma B.6 (Taylor Expansion). Suppose that function ¢ : R* — R is twice continuously differentiable
(i.e., ¢ € C2). Then, for any x,h € R,

d(z + h) = ¢p(z) + Vo(z) h + %hTVng(x)h + /1(1 —t)hT [v%(x +th) — V2¢(x)|hdt.
0

Proof. Define the one-dimensional function g(t) = ¢(x + th) for ¢ € [0, 1]. By the chain rule,
Jdt)=Vo(x+th)"h,  ¢'(t) = h"V3*¢(z + th)h.

Applying the fundamental theorem of calculus twice gives
1 1
o) =90 = [ §5)ds=g0)+ [ (79 =50) as

1 s
—g’(0)+/0 /0 g"(t)dtds
1
—g(0) + /0 (1—0)g"(t) dt,

where the last equality follows from changing the integration order. Therefore,
1
6z + h) = 6(z) + V(z)h + / (1— )h™V26(x + th)h dt. (20)
0

Adding and subtracting V?¢(z) inside the integral and using fol(l —t)dt = % yields the desired
result. O
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B.3 A Performance Characterization Theorem

In this section, we establish a performance characterization theorem (Theorem for any policy
7. The theorem shows that the performance gap between the value function of 7 and the corrected
fluid reference F,(c) —I'(cg/n)H,—1 + O(1) is proportional to the policy’s cumulative dual-price
score loss along its trajectory up to a prescribed local exit. In what follows, we first define the
cumulative dual-price score loss and then state the characterization theorem. The proof is deferred
to Section [B.4l

Fix a compact target set K € U. Let rg be the radius specified in Appendix and ng = no(ro)
the integer specified in Lemma [B:2] Consider a feasible, non-anticipating policy 7 that selects
actions with nonnegative rewards. Let V" (c) denote its value function with n periods remaining
and remaining capacity ¢ € R. Fix an initial state py = ¢/n € K and let xg = (py)s. Throughout
Section we index time forward: k denotes the number of decisions made since the beginning of
the horizon, and hj, £ n — k denotes the number of periods remaining after the k-th decision.

Let cg = ¢ denote the initial inventory and c; the remaining inventory after the k-th decision.
In period k > 1, policy 7 observes the independent opportunity 8y, = (R, x, B k)ac4, chooses an
action af, collects a reward f?k = Raw > (), and consumes a resource vector Yy = B%r’k € R
The state variables evolve according to

¢k = cp—1 — Yy, P = ci/hy, X; = (pg)B-

In addition, let & be a policy randomization seed independent of the entire opportunity sequence.
Define the information filtration by Gy = o (&) and Gy, = o (¢, 04, ..., 0y) for K > 1. For a deterministic
policy, ¢ may be taken to be constant. Hence, ci, p;, and x; are Gg-measurable, whereas 01 is
independent of Gy,.

Fix a time horizon n > ng + 1. Let N = n — ng and define the prescribed stopping time by

Tr =inf {0 <k < N :||x — %0 =79 or hy < no}.

The choice of ng ensures that the stopped binding state xj-. lies in B(xg, 270).
For k < 7, define the conditional dual-price score loss in period k + 1 by

2 E[SQF(xk)(Xk) — Sap, (%) | gk} >0, (21)

where S, denotes the dual-price score defined in Assumption Since the static fluid action a”
maximizes the dual-price score over all actions, we have /], > 0. Define the expected cumulative

score loss before stopping by
Tpe—1
Qx(n,c) 2 E [Z eg] . (22)
k=0

We now state the performance characterization theorem in Theorem [B.7]

Theorem B.7 (Performance Characterization via Cumulative Score Loss). Suppose Assumption
and Assumptions hold. Fiz a compact set KK € U and the prescribed stopping rule above.
There exist constants Cy,Cr, < oo such that every feasible, non-anticipating policy m that selects an
action with a nonnegative reward in each period satisfies

%Qﬂ(n, c)— Cy < F,(c)=T(cg/n)Hp—1 = V7 (c) < CL(l + Q= (n, c)) (23)

for alln >ng+1 and c/n € K.
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We prove Theorem [B.7in Appendix [B.4] In the proof, we use a telescoping argument along the
trajectory of policy 7 to decompose the initial gap V" (c) — Fj,(c) into the residuals accumulated
before stopping and the remaining gap at the stopping time. The latter is bounded by a constant
multiple of the expected remaining horizon at stopping, Eh,_, which is in turn bounded by a constant
multiple of the cumulative score loss Q. We further show that the accumulated residuals equal the
logarithmic correction I'(cg/n) H,—1 plus the cumulative score loss @ up to an error term that is
sublinear in Q). Combining these bounds yields the desired result.

B.4 Proof of Theorem B.7]
B.4.1 Decomposing Performance Gap via Telescoping

We first decompose the gap F),(c) — V" (c) into the expected cumulative one-period residuals along
the trajectory induced by policy 7 before stopping and the gap at stopping.
For any remaining horizon h > 1 and inventory vector ¢ > 0 such that cg/h € Ug, define

f%(c)é:h¢B(CB/h)
Whenever Py (c) is defined,
0 < VX" (e) < Py(c) < hr.

The second inequality follows because Py (c) is the fluid-relaxation upper bound when every resource
j € S is slack in the fluid relaxation ([1).
Fix n > ng + 1 and write 7 = 7 for brevity. Define the one-period residual before stopping by

6T = Py, (c) — Eg[Riy1 + Pr—1(chs1)], k<,

where Ej, £ E[ | Qk] denotes conditional expectation given Gr. Summing these residuals and taking
expectations yields

EY 6f = Po(c) —EPy (c;) —E> _R;.
k<t 7j=1
Since V7 (c) =E>7_, I:Zj +EV) (¢7) and Fy,(c) = Py(c), we obtain the decomposition

Fu(e) = Vi (e) =E S 67 +E [Py, () — Vi ()] (24)
k<t

In Section we establish two-sided bounds on both terms to complete the proof. As preparation,
we first develop the necessary lemmas in Sections to[B.4.4

B.4.2 Bounding Consumption Differences and One-Period Residuals via Score Loss

Let i = a"(xj) be the static fluid action defined in (3)), and let a = af 41 be the actual action taken
by policy 7. For k < 7, define

O, = Ei [Si(xk) — Sa(xx)] >0, Dy, = Ei||Big — Yis18], q= Ezeky (25)
k<t

and set £, = Dy, = 0 for £ > 7. Since ¢ maximizes the dual-price score over all actions, £ > 0.
Lemma bounds the consumption difference D;. in terms of the score loss ¢;, and controls the
deviation of the one-period residual 6] from £ + I'(xy)/(hy — 1).
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Lemma B.8. There exists a constant C < oo, uniform over feasible policies w, horizons n > ng + 1,
and initial states py € KC, such that

Bx

Dy, < CYY, 0= , 0<k<N. 26
Moreover, the one-period residual satisfies
T CD
op — by — (k) < K + C(hy — 1)—1—0[’ k<. (27)

hpy—1|" hy—1
Proof of (26)). Define dy = ||B;g — Y181 and gi = Si(xx) — Sa(x) > 0. We have
di = dpl{ge <tdp} + dpl{gp > tdy} < dp1{gp <tdy} + g% (28)

Let 8y, U4, and t, be the constants specified in Section For any 0 < t < t,, we have
By [dk]l{gk < tdk}} < Eg [?%{diﬂ{si(xk) — Sp(xp) < tdg) }] < CutPs,
c

where the second inequality follows from Assumption [3.3] Thus, taking conditional expectations
Ek[-] on both sides of and noting that Dy, = E.d;, and ¢, = Eg; yield

¢
Dy, < C,tP + 7’“ 0<t<t,. (29)

Set ¢, & tiJr’B* and dpax = |B|b. We consider three cases. If £, = 0, letting t — 0 in yields
1
D =0. If 0 < £, < {, choosing t = Eé*ﬁ* yields

Bx 1——1_
Dy, < C U 4, T = (Cy + 1) 4],

Finally, if ¢ > /., bounded consumption implies
Dk S dmax S dmaxgzggi-
Thus, choosing C' = max{Cy + 1, dmax&jg} covers all cases and yields Dy < Cﬁg forall k < N. O

Proof of (27). Fix a period k < 7 and define u; £ x;, — B; g and u, L xp — Y;+18. The successor
states under actions ¢ and a are, respectively,

u; Ug

hp—1 =Xkt

Z; = Xi +

Bounded consumption and the compactness of Kg imply that ||ug]], ||u.]| < Ko £ pg + /|B[b, where

Pp is defined in .
Before stopping, we have x; € B(xg,ro), and z;,z, € B(xq,2rg) by part 3 of Lemma By
convexity, the line segments joining x; to z; and z, also lie in B(xq,279). Applying the Taylor
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expansion used in and gives

u§V2¢>B (xk)ua
2(hy, — 1)

(he — 1)¢B (2a) = (hi, — 1)éB (Xk 4o > = (h — 1)gg(xk) + A(xx) uq + + 78,

hp—1
24«
< C(hy, — 1)1

Ug

hy —1

T

Conditional on Gy, the state xj is fixed, and the next opportunity follows the original distribution
®. Hence,

Er[Si(xk)] = Ex[Ri — A(x)"Big| = ¢(xk) — A(xk)" %,
where the second equality follows from Assumption [3.2] and Lemma Consequently,

O = B [Si(x1)] — Ex[Sa(xt)] = ¢8(xXk) — ExRit1 — A(xx) "Exug.

Combining this identity with the Taylor expansion above, the definition of 47, and the fact that
Py, (ck) = hxpp(xk) and Pp,—1(cky1) = (hi. — 1)¢B (za) yields

E [uaTV2¢B (xx)ug]

Ok =tk = 2(hy, — 1)

— Eprg. (30)

By the definition of T" in , [(xk) = —%Ek [u;FV2¢B(xk)ui]. Hence, replacing u, with u; in
the quadratic term of yields I'(xz)/(hx — 1). To bound the resulting error, since V2¢g(xy) is
symmetric and u, —u; = B; g — Y41 g, we have

uzvqug(xk)ua — ufvngg(xk)ui

= )(ua — ;)" V2o (xx) (ug + ;)
< 28| P50 [Bis - Vsl

Taking conditional expectations and using and the definition of Dy, we obtain

D) | Kol Vs (xk) [ D

B hr—1

+ ’Eka’

Since V2¢g(xy) is uniformly bounded on B(xq,2ro) C Kg and |[Exry| < C(hy, — 1)~ this proves

@9 O

B.4.3 Bounding Expected Remaining Horizon via Score Loss

We next bound the expected remaining horizon in terms of the score loss. In particular, we show
that Eh; < C(1 + q) for some constant C' < oo, where ¢ is defined in . We also establish
score-loss bounds on the accumulation of the first term in before stopping and on the y-moment
deviation E||xgrr — Xo]|”. The latter bound will be used to control the error from replacing the
path-dependent coefficients I'(xy) in with the fixed coefficient I'(xg).

Define Ly, = Zj<k/\‘r ljfor 0 <k < N. Hence, L, < L, = Zj<T ¢; and ¢ = EL;. The following
lemma summarizes these results.

Lemma B.9. There exists a constant C' < oo, uniform over feasible policies w, horizons n > ng + 1,
and initial states p, € K, such that the following bounds hold. First, the weighted cumulative
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consumption discrepancies satisfy

D; _
> —<on’l], 0<k<N. (31)
j<kAT hi =1

Second, letting v = min{a, B} € (0,1] as in Sectz’on the stopped inventory ratio satisfies
Ellxens — %ol < C ("% + ") (32)
Finally, the expected remaining horizon at stopping satisfies
Eh, < C(1+ q). (33)

Proof. We first decompose the trajectory {xj} into predictable drift and martingale noise. Let
m; = E;[Y 18] denote the conditional mean consumption of binding resources under policy .
Then

Xj —Yjyip - mj—Yipp  Xj—m;

S A hj—1

The first term has conditional mean zero and the second is the predictable drift. Define

k—1
M, =S 1, Wi —Yine
E=D S S
j=0 !
k-1 X —m
— J
A= Ve H—7
=0 !

Therefore, xpnr — xo = M}, + Aj. The indicator in each increment is Gj-measurable, so My, is a
martingale with My = 0. Define martingale difference

m; —Y;18

AM i1 = Mjs1 =M = Iy ——
J

Bounded consumption implies ||AM;41] < C/(h; — 1). Moreover, martingale differences at distinct
times are orthogonal in expectation: for ¢ < j, since AM,; is Gj-measurable,

E<AMH_1, AMj+1> = E<AM¢+1, E[AMj.H ’ g]]> =0.

Hence,
k—1 n—1
E|Mgl> = > E|[AM; [P <C Y s2 < C/hy. (34)
7=0 s=hg

Proof of From we have

0 1—-6
D; 6? - —1/(1-6) 0710
2 s sl X b)) (X < Chy, LY,

J<kAT J<kAT F<kAT s=hyg
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where the second inequality follows from Holder’s inequality to Ef- and (h; — 1)~! with conjugate
exponents 1/0 and 1/(1—6). For the third inequality, note that 1/(1—60) = 14 4 and B,(1—0) = 6.
An integral comparison yields

n—1 00 . —B,
Z s~1/(1-6) < / 1B qt = M < Ch,:ﬁ*,
s=hy, hr—1 /8*

o 1-6

Z 571/(1*9) < Chlzﬁ*(lfg) — Ch];@

s=hy

Proof of (32) Since x; =E; [BGF(X]_)B} for j < 7, we have
I — my| = [|Ej (Bur(x,)8 = Yir1.8) || <EjlBarx,)e — Yjtr18ll
< Ej[[Barx,),8 — Yj+1,8/l1 = Dy, J <,

where the first inequality follows from the conditional Jensen’s inequality. Therefore,

D, _
| = 37 s <o, (3)

j<knr 7

where the second inequality follows from and Ly < L. As a result,
Exnr — %ol < E[Mg| +E[Agll < (E|M|*)2 + Chi?E(L) < O + Chi (EL,)Y,

where the last inequality follows from and Jensen’s inequality. Finally, since 0 < v < 1, Jensen’s
inequality for the concave function ¢, together with (a + b)Y < a” + b7, yields

E(HX’“\T N XOHV) < (]EHX]C/\T - XOH)7 < Ch,;7/2 + Ch;e'yq@v.
This proves _

Proof of Since n > ng + 1, we have ng < h; < n. Hence, P(h; > r) =0 for all r > n.

Fix an integer u € [ng+1:n—1] and set k =n —u < N. On {h, > u}, we have 7 < k < N, so
stopping must have been triggered by an exit from the binding-state local region B(xg,ro) rather
than by reaching the cutoff N. Consequently, xzrr = X-, M = M, and

70 < [xkar — Xol| < [|Ml| + [Ax]l < M| + Cu=L,

where the last inequality follows from (35]). Therefore, either |My| > ro/2 or L. > au, where
a = (ro/(2C))"? > 0. We next bound the first event by applying a concentration inequality to each
martingale coordinate.

For each i € B, let AMj11; = Mj41,;, — Mj;. Since 0 <Y1, < b, we have

Lijery(myi —b) Tgenmii
hy—1 by —1

AMjiq1, €
Both endpoints are G;-measurable, and the interval width is at most b/(h; —1). The sum of squared
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width bounds through time k = n — u satisfies

k-1 7 n—1 072
_ 12 -2 12/, —2

E h —1y =b E sTE<b (uT Fum ) < o

]:O s=u

Apply the Azuma—Hoeffding inequality in Lemma yields, for any z > 0,

> > < 22u
P(Mkﬂ = Z)a P(_Mk,i = Z) < exp _[7)72 .

If || Mg|| > 70/2, at least one of its |B| coordinates has absolute value at least ¢/ (2 |B]> A union
bound over the coordinates therefore gives

2
ToU —cu
P(||Mg|| > ro/2) < 2‘B|6Xp<_4\|3\62> < (Ce

for some constants ¢, C' < co. Therefore,
P(h,; >u) < Ce ““ +P(L; > au), u>ng+ 1.

For any v > 0, at most v/a positive integers u satisfy au < v. Hence,

n n n ]ELT q
Y. PLrzau)= ) E[umm}:E Y. Nauszy| S— 7=
u=ng+1 u=ng+1 u=ng+1

Since h, is integer-valued and h, > ng, we have
Eh; =no + Z P(h; > u) <ng+C Z e talg<C(1+q).
u=ng+1 u=ng+1
This proves (33). O

Lemma B.10 (Maximal Azuma-Hoeffding Inequality; Theorem 3.2.1 of |Roch|[2024). Let (Z;)icz, be a
martingale with respect to the filtration (Fy)iez., . Suppose there exist predictable processes (Ag)i>1
and (By)i>1, with Ay, By € Fi—1, and constants 0 < ¢; < oo such that, for allt > 1, almost surely,

A< Zy— 71 < By and By — Ay < .

Then, for every 8 >0 andt > 1,
t
Osis Zi:l 012

232
IP’(Zt—Z()Zﬁ)SIP’(maX(Z ZO)>B> < exp (—) )

B.4.4 Bounding the Effect of Coefficient Variation

We next use to bound the cumulative effect of replacing the path-dependent coefficients I'(xy)
with the fixed coefficient I'(xg).
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Lemma B.11. Let v £ min{a, 3.} € (0,1] as defined in Section . There exists a constant
C < o0, uniform over feasible policies m, horizons n > ng + 1, and initial states py € K, such that

EY o

k<t

I'(x0) (Hn—1 — Hng—1)

hk = < C< ~/2 | g 97> (36)

Proof. Let Cr and Lt be the upper bound and Hélder constant, respectively, in Lemma and
set Ly £ max {Lr,Crr, " }. Define

~ A F(Xk), k < T,
]__‘k pr—
0, k>

We first show that

Tk — T(x0)| < Lu|[xsnr k<N. (37)

Proof of (37). If k < 7, then x;, € B(x0,70)- . ) follows directly from the Holder continuity in
Lemma If 7 < k < N, stopping must occur through an exit, so ||x, — Xo|| > ro. Consequently,

!fk - F(Xo)‘ = ‘F(Xo)‘ <Cr< L*HXT — XOHAY, which proves (37]). O
Since B
N-1 n—1 1
hk Z ; = anl - Hnofla
k=0 s=ng
we have
N-13 “1E|T}, — I(x0)
X) 'y, — I'(x0) ’ b 0 }
E - I H H = |E <
th—1 (o) (Hn—1 = Hino—1) he—1 | = e — 1
k<t k=0 k=0
i)
= h 1 ’
k=0 k=

where the second inequality follows from and . For either a = /2 or a = 6, we have a > 0

and hence . i
> 2 Z h—1a<2/ tlmaqt = 27;0.
h=n0+1 h=no+1
Therefore,
EY o _)1 = T(%0)(Hn-1 = Hug1)| < C (g + "'ng ")
k<t
for some constant C' < oc. O

B.4.5 Completing the Proof
Applying at k = N and using Jensen’s inequality, we obtain

E;; P Cng'ELY < Ong %’
T
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Combining this with and 32 s717@ < Ong® yields

x I'(x) —0 0 —a
EY 5k—£k—hk_1 < Cng?q’ + Cny“.
k<t
Together with and , this gives
Fo(c) = D(xo) Hpm1 = V7 (¢) = ¢+ T + €x, lex| < C(1+ "), (38)

where T, = E[PhT (cr) = Vir (C7—>] denotes the performance gap at stopping. Moreover,
0<T; <7FEh, <C(1+q),

where the last inequality follows from .
For the upper bound, ¢’ < 1 + ¢ and the upper bound on 7 yield the desired result. For the
lower bound, since T, > 0 and

4

ez i -Cl+q) = —Cy

for some constant Cy > 0 uniformly over g > 0, we obtain the desired lower bound. This completes

the proof of Theorem

C Proofs in Sections [4 and
C.1 Proof of Theorem 4.1

We first prove the performance expansion for the dynamic fluid policy #°F. By Theorem [B.7] it
suffices to show that, for any compact set K € U, the cumulative dual-price score loss @, pr(n,c) is
uniformly bounded over all horizons n and initial states satisfying ¢/n € K.

Throughout Section we write 7 = 7,pr for brevity, where 7, pr is the stopping time defined
in Section Let ai denote the action taken by 7Y in period k.

In the proof, we introduce an auxiliary stopping time ¢ that will also monitor slack inventories.
Before o, all actions are feasible, and the dynamic fluid action selects a1 = a"(xx), so its score
loss ¢y, is zero for all k < 0. Lemma [C.I] bounds the cumulative score loss before 7 in terms of that
before o and the expected remaining horizon Eh,,.

Lemma C.1 (Cumulative Score Losses between Stopping Times). Fiz a feasible, non-anticipative
policy w that selects actions with nonnegative rewards, and let o, 7 < n be two stopping times. Then

EZEk gEZEk+CEhJ
k<t k<o

for some uniform constant C < oo.

Proof. The result follows from (7 — o)t <n — o = h, and the fact that £ is uniformly bounded:
0< 6, <7+ (supy e, [VoB(x)]) V/BIP. 0

C.1.1 Definition of the Auxiliary Stopping Time o

Fix an initial state py = ¢/n € K and let xg = (pg)s. Let ro be the radius specified in Appendix
and ng = ng(ro) the integer specified in Lemma [B.2] Let D(xq) be the local region defined in (12)
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using radius 9. The initial state p, belongs to D(x() because its binding coordinates are xp and
pos — ps(x0) >0, VseS. (39)
Fix a time horizon n > ng + 1 and let N = n — ng. Define the stopping time o by
c£inf{0<k<N:p, ¢ D(x0) or hy <no}.

Hence, we stop on exit from D(xg) or when ng periods remain. On {k < o}, we have hy, > ng+1 and
Pr € D(x0); therefore, Lemma implies that a1 = a"(xx). Moreover, since 01 is independent
of gk‘a

E[Yii1e | Gk = %6 E[Visrs | Gr] = ps(xk), s €S, E[Ris1 | Gi] = ds(xp). (40)

Finally, the capacity recursion gives hxi1 = hy — 1 and

hepr — Yii1 Pr— Yii1 X — Yk+1,B
_ _ _x, = Xk Ykt1B 41
Pi+1 hy — 1 Pr + hp—1 Xk+1 — Xk e — 1 (41)

C.1.2 Bounding the Expected Remaining Horizon at Stopping

Let hy 2 n — o denote the remaining horizon at stopping. We show that h, has an exponentially
decaying tail, which implies that E[h,] = O(1).

Lemma C.2 (Bound on the Expected Remaining Horizon). There ezist constants C,c > 0, depending
only on KC and the model primitives, such that, uniformly over n > nyg+ 1 and py =c/n € K,

P(he > u) < Ce™, u>ng+ 1.

Consequently,

sup  E[hs] <ng+C Z e M < 0.

n>ng, poE u=no+1

Proof. Let m; = E[Y4+1 | Gj]. Define My =0 and, for 1 <k < N,

k-1 e — Y
M f— ]l y < ‘77]—"_1.
k Z {j <o} hy—1
7=0
Since 1{j < o} € G;, {M}} is a martingale. By the first identity in and the binding-resource
recursion in , we have
Xknoe — X0 = MjB.

For each slack coordinate s € S, the second identity in yields

mjs = MS(Xj) < ,Ufs(XO) +é/4 < Pi,s5 .7 <o,

where the first inequality follows from (9] and the second inequality from the definition of D(x() in
and j < o. Summing the slack-resource recursion in therefore gives

' s
PkAo,s — PO,s = ;ll{j < a}% + Mg > My,s -
J
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Together with , this implies that an exit through coordinate s requires My, < —6/2.

Fix an integer u > ng + 1 and set k =n — u. On {h, > u}, 0 < k < N, so stopping must occur
through an exit from D(x¢) via either a binding or a slack coordinate. Since My = M, for k > o,
we have

{hoe >u} C{|IMyg| >ro} U U { My, < —0/2}.
s€S
By bounded consumption, each coordinate increment Mj 1 ; — M;; lies in a predictable interval of
width at most b/(h; — 1), as in the proof of (33)). The sum of the squared interval widths satisfies

k—1 62 n—1 0o
Z W = 62 Z 372 S 62 (U2 + / t72 dt) S QBQ/U
j=0 \'" T s=u u

Consequently, Lemma gives P(My; > 2),P(—My; > z) < exp (— 2%u/b?) for z > 0. Moreover,
My gl > 7o implies |[Mjy, ;| > r9/+/m for some ¢ € B. Applying a union bound over the binding and
slack coordinates therefore gives

2 52
P(hy > u) < 2|Blexp <_r0_u> + [S| exp <__u> < Ce ™
m 4
for some uniform constants C, ¢ > 0, completing the proof. O

C.1.3 Completing the Proof of Theorem 4.1

By Theorem Lemmas and and the fact that E), _ f; = 0, there exists a constant
Chr < o0, depending only on the model primitives and set I, such that

‘Fn(c) —T'(cg/n)Hp—1 — VfF(c)‘ < Cpr

foralln > 1 and ¢/n € K.

It remains to establish the corresponding bound for the optimal online policy. Specifically, we
show that there exists a constant Copr < 00, depending only on the model primitives and set IC,
such that

‘Fn(c) —T(cg/n)Hp-1 — VnOPT(c)‘ < Copr

for all n > 1 and ¢/n € K. To see this, the first inequality in holds for every policy 7 and yields
VoPT(c) < Fy(c) — T'(eg/n)Hyp—1 + Cu.
For the lower bound, we have
VP (e) =2 VM () = Fu(c) — I'(eg/n) Hy—1 — Cor.
Thus, choosing Copr = max{Cy, Cpr} completes the proof.

C.2 Proof of Theorem b.1]

In this section, we prove Theorem According to Theorem [B.7] it suffices to show that, for any
compact set K € U, the cumulative dual-price score loss @, .cp(n,c) is uniformly bounded over all
horizons n and initial states satisfying ¢/n € K. As in the proof of Theorem 4.1} we introduce an
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auxiliary stopping time o that also monitors slack inventories. By Lemma
Qan(n,c) SEY 4+ CEh,.
k<o

In what follows, we establish uniform bounds on both terms on the right-hand side, thereby
completing the proof.

C.2.1 Notation and Definition of Local Neighborhoods

Let py = ¢/n € K denote the initial state, xg = (py)s, and let Kg be the compact set defined in
Section [B.Il Define the uniform Hessian bound

Mp =1V sup HV2¢B(X)H.
xEKB

By Assumption there exist constants L > 1 and € > 0 such that VV is L-Lipschitz continuous
on B ()\* (po), 5) for every p, € K. Choose ¢ > 0 sufficiently small that

8C<e,  8C/My<ry, SLC<6/8 if S+, (42)

where ¢ is the slack margin defined in Appendix B N
In addition, choose 0 < r < min {ro,C/(SMH)}. Since r < rp, we have B(xg,2r) C Kg. The
uniform Hessian bound gives

[IA(x) — A(x0)]| < (/8 on B(Xo,r), IA(x) — A(x0)]| < (/4 on B(XO,QT‘). (43)

Finally, note that —m(p) € 0V(p) for every p € R™, with VV(p) = —m(p) whenever V is
differentiable. Let A5 = A*(py) = (A(X0), 0s). Since my(A§) = ps(x0), Assumption and
imply that, for every p € B(AG,8¢) and s € S,

[ms(P) — ps(%0)| < Lllp = Agll < 4/8. (44)

C.2.2 Finite-Step Entry from Initial Price

We first show that, although the initial dual price Ag = 0 may lie outside the region where the
dual objective is smooth, global convexity of V(A) ensures that the dual prices enter a suitable
neighborhood of the optimal fluid price within a deterministic number kg of periods.

Define the entry-region radius 7ent £ (/16 and set

R, = sup |poll, Ry 2 sup ||A}]l, G2 R,+1+/mb.
pOEIC p()EIC

As preparation, in Lemma we first prove a uniform linear lower bound on the growth of the
dual objective £, away from its minimizer.

Lemma C.3. There exists a constant A € (0, Grent] such that, for every py € K and p > 0 with

d = ||p - Aa” Z Tent, we h/ave
A

Tent

L0y(D) — Lpy(N)) > =,
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Proof. Define

N ; — o
A= pock P20 {Epo(p) Epo()‘O)} > 0.

[P=AglI=rent

For any p > 0 with d = ||p — Aj|| > rent, define

A % Tent oy . Tent " Tent
q=2Ay+ d §s )‘o)—(l d>)‘0+ 7P

Then q > 0 and [|q — Ag|| = rent- By convexity of £, (),

Ll Ln@) ~ Lo} 2 i

Tent Tent

Lp, (p) — Lp, (Ao) =

Finally, since py — m(p) € 9L, (p), the subgradient inequality implies that, for any p > 0 with
1P = A6l = Tent;

Loy (P) = Lpy(A) < {po—m(p)}" (P — AY) < Grent. (45)
Hence, A < Greps. O
Define
ik 2 min { (20) 71 A (46)
Ul 74G2

and choose a step size € (0,7x]. Lemma shows that the dual price A enter a neighborhood
of the optimal fluid price A; = (A(x), 0s) within a deterministic number kg of periods.

Lemma C.4 (Finite-Step Entry). For every step size n € (0,7, there is an integer ko, independent
of the horizon n, such that, for all sufficiently large n, every sample path satisfies

Ak = Aol <C/8, Ay = (M), 0s)|| < C/4
Moreover, supi<g, [lox — pPoll < C/n for some constant C < oo, uniformly over all initial states py.

Proof. Fix n and let A be as in Lemma Define

R%
ko = ’777A—‘ + 1.

For n > 2kg + 1, the capacity recursion and bounded consumption give

kpo — Sk Y 2ko(R, + /mb
Pr— Po = T sl —poll < Bn 2 Ry ) (47)
n — k<ko n
Take n sufficiently large that £, < 1. Let g, £ p, — m(\g). Then
gkl < [looll + [lox = poll + [m(Xp)[| < G, k < ko.
Furthermore, since Aj1 = (Ar — ngr) ", the nonexpansiveness of projection gives
[Akt1 = Akl < 1Ak —ngr) — Akl = nllgell <0G, &k < ko. (48)
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Proving the First Bound Let dj, = ||[Ax — A§||. For k < ko, we have

Bt < I = nge = NP = dF — 20\ = X)) (o — po) — 20(M — X5)T (o — m(Aw)) + 7 e
< @+ 2ndi ]y — poll = 20( L0, (Ak) = Loy (AD)) + 177G, (49)

where the second inequality follows from the subgradient inequality (the first inequality in with
p = Ax) and ||gk|| < G. Choose n sufficiently large that

A r
E,<mind1,-— "1
_mm{ o 4} (50)

We prove the recursive bound

25
E’rgntv d% o WA}v k < ko. (51)

Proof of . Suppose di > Tent. Then, Lemma and imply
nA

A 3nA
By < &+ My Ey — 20—+ G < df — 12+ T2 < @2 -,
Tent Tent 4

diﬂ < max{

where the second inequality follows from E,, < A/(47ens) and n < A/(4G?), and the third inequality
from dj > rent. Otherwise, di < rent. By the triangle inequality and ,

5
dig+1 < di + || App1 — Agl] < di +1G < 2 Vents

where the third inequality follows from G < 7ey/4, which holds because < A/(4G?) and
A < Grent by Lemma [C.3] O

By and induction, as well as the initial condition dy = || Aj]| < Ry, we obtain
2 25 5 o
d, < max{l—6rent,R>\ - knA}, k < ko.
Since ko > R2/(nA), it follows that dg, < (5/4)rent < 27ens = /8.
Proving the Second Bound Note that ||z, — @ol| < [|pg, — Poll < En < /4. Hence, the line

segment joining x¢ and xj, lies in B(xo,r/4) C Kg. Since A(z) = V¢g(x), letting h £ x, — xo,
we obtain

1 1
X)) = M) = || [ Toatao+ th) hat| < [ Mullhldt < My, < /32,
0 0
where the last inequality follows from FE,, < r/4 < (/(32Mp). Consequently,
Ay = (Ao ); 0s) | < [[Aky = Aol + 1A (xRe ) = Alx0)[| < ¢/8 4 (/32 < (/4. O

C.2.3 Contraction at a Fixed Inventory State

We next establish a local contraction property of the projected gradient update toward the optimal
fluid price when the inventory ratio is held fixed. This property, formalized in Lemma is used
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in Section [C.2.4] to prove the price-tracking result in Lemma [C.6] which accounts for changes in the
optimal fluid price as inventory evolves.

Lemma C.5 (Local Price Contraction at a Fixed Inventory State). Consider a normalized inventory p
satisfying x = pg € B(xq,27r) C Kg and ps > ps(x0)+0/2 forall s € S. Let \* = X*(p) = (A(x), 0s).
For every p > 0 with ||p — X*|| < (/2 and every step size n € (0,7x], the projected gradient update

pt = (p — nVE,,(p))+ satisfies
P - X[ <qllp— N[, q=(1+n/Mz) <1

Proof. We first prove that, for every p > 0 with ||p — Aj|| < 4¢,

Lp(p) = Lp(AT) = Ip — A%, (52)

= 2Mpy
Proof of (52)). Define d = (A(x) — pg)/Mu, x¢ = x+td for t € [0,1], and u = x + d. By (43),

My|d| = [A(x) - psl
<AF) = Axo)|l + [A(x0) — pall < ¢/4+4¢ =17¢/4,
17¢

8¢
_ < t|d - S oo t2r< =<
e = xol| < tld]| + flx = x0[| < 7o+ 2r < - <o,

where the last inequality follows from and the choice of r. As a result, x; € B (xo, ro) C I%B for
all t € [0, 1]. Moreover,

[A() = Alxo)[ < [[A(w) = A + [[A(x) = Alxo)|| < Mulld]| + (/4 < 8¢,

where the second inequality follows from the uniform Hessian bound My and (43). B
For w € {x,u}, (44)) implies us(w) < ps(xo) + 0/8. Hence, ps — us(w) > 36/8. Thus, p € U,
and Lemma 1mphes Lp(A ) ¢B(x). On the other hand, evaluating the maximum defining

V(p) at a"(u) and applying (L1)) yield

V(p) > ¢a(u) — pgu— Y _ pspis(u)

SES

As a result,

Lp(p) = Lp(A) = p'p +V(p) — d8(x)
2¢B( ) ¢B de+Zps Ps /'Ls )

seS
My 30
> (A(x) —ps)'d — 7||d||2 + 3 Zps
seS
—A5l2 30 A2
R TS S R N
2MH 8 2]\4H

sSES

The second inequality follows from the Taylor expansion along the segment joining x and u (cf.
(20)) and the uniform Hessian bound M. The second equality follows from the definition of d. To
justify the third inequality, note that Ajg = Ag = 0 and 0 < ps; < 4¢ by [[p — Agl| < 4¢. Hence,
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39ps/8 > p?/(2Mp) for every s € S, because

ps 4 _ 9
Mg = Mg — 16LMg

I

-~

<2
— 16
where the second inequality follows from the last inequality in . O
By @3), Ip — A5l < [lp — A"[| + A" = Agll < 3¢/4. Note that
* * * * *\) T

VLy(A") = p—m(X") = (0g, ps — ps(x)), A" = (A" =nVL,(X)) "
Since ||p — A*|| < {/2, projection nonexpansiveness and Assumption imply

Ip* = A" < [[p = A" = n(VLy(P) = VL, (X)) || < (1 +1L) |Ip — X < ¢

Consequently, ||[p™ — A§|| < 5¢/4 < 4¢, so applies at p*. Moreover, since both p and p™ lie in
B(Ag,4¢), so does the line segment joining them.
Let g £ VL,(p). The projected gradient update can be written as

1
p" =argmin |z — (p - ng)|*
z>0

Since A* > 0 is feasible, the first-order optimality condition yields

(P —(p—ng) A —=p") >0, ng"(PT—A)<(p—p")(P"—A").

The second inequality follows by expanding and rearranging the first. By convexity of £,(-) and the
L-Lipschitz continuity of its gradient along the segment joining p and p™, we have

* * L
Lop) = L,(W) <g"(P—=A"), L")~ Lo(p) <&"(P" —p) + 5 [P" — "
Adding the two inequalities therefore yields

2 {Lp(p") — Lp(A)} <2(p—p")"(pT — X*) +nL|p* - p|?
=lp =X —lp" =X - (1 —nL)|pt - p|?

where the equality follows from the identity
lp =X 1P=le-p")+ @ =) =Ip-p I+ p" = X[ +2(p—p")" (" - A%).

Since nL < 1, the last term is nonpositive and can be dropped from the upper bound. Applying
(52)) at p* then gives (1+n/Mpy)|lpT — A*||? < ||p — A*||?, which establishes the desired result. [J

C.2.4 Tracking the Optimal Dual Price and Bounding Cumulative Score Loss

Define B
M = sup |x|| ++v/mb, C1 = MpyM.
XE’EB
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Choose an integer ng > ng(r) such that

G (A =a)

2SR (53)

and an integer Ny > 2]{:07—# ng + 1 such that holds for all n > Nj.
Fix n > Ny and let N = n — ng. Consider the region D(x¢) defined in (12)), with the radius r
chosen in Section and define the auxiliary stopping time

o= inf {ky <k < N:p; ¢ D(xo) or hy <ng}.

By and , for every 0 < k < ko,
|xx — x0|| < r/4, Pk.s > Ps(X0) +70/8, se€S. (54)

Indeed, when S # @, the definition of § gives pg s > p15(x%0) + ¢, and the third inequality in (42)
implies E, < r/4 < 0/(2048LMpy) < ¢§/8. Thus, the initial phase remains in D(x), implying
ko < o < N. Moreover, for every k < o, p;, € D(xo) and hy, > ng + 1 > ng(r) + 1. By Lemma
all actions are feasible before o, and xpp, € B(xo, 2r).

Let Aj, = (A(xx),0s) denote the optimal fluid price at state xj, and define the tracking error
er = ||Ax — A;||. Lemma establishes a contraction recursion for the tracking error with a
one-period perturbation of order (hj — 1)~!, which in turn implies a uniform bound on Zz;lio er.

We defer its proof to the end of this subsection.

Lemma C.6 (Bound on Cumulative Squared Tracking Error). For ko < k < o, we have A\, € B(Xg, ()
and e = | Ax — Aj|| < /2. Moreover,

ko <k <o, (55)

1
e < qge ,
k-}—l_Qk"‘hk_l

and the cumulative squared tracking error satisfies, on every sample path,

T2 <oy a (ATV2C)?

— )2 ’
= (1-9q)

where q is the constant specified in Lemma[C.5]

We next use the cumulative squared tracking error bound to control the score loss before o. For
ko < k < o, all actions are feasible, so gives

E[Rer1 — AfYer1 | Ge) = V(M) E[Yer | Ge] = m(Ap).

Therefore, .
U, = V(A;) — E[Ris1 — (ML) " Yiy1 | Gi]
=V(AL) = V(Ae) + (A; — Ar)"m(Ag)

=V(AD) = V() = VYV (N — M) < 5 e,

no|

where the third equality uses VV = —m. To justify the inequality, note that A7, Ax € B(Aj, () by
and Lemma hence so does the line segment joining them. The inequality follows from
integrating the L-Lipschitz gradient along this segment.
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For the initial phase k < kg, we apply the uniform bound on /fk:
0 < 4, <74 Myymb,

where M) is a uniform bound on [|A(x)|| and may be taken as Ry + (/8. Combining the bounds for
the two phases yields

L
Le £) 4 SkO(F—l-M)\\/TTLb)—l—gCEéCQ. (56)
k<o

Proof of Lemma[C.6. We prove by induction that Ay, € B(Af,() and e < (/2 for kg < k < 0.
These bounds hold at ky by Lemma Suppose they hold at some k < o. By Lemma

[Ak+1 — ALl < gex.
Moreover, as in the proof of part 3 of Lemma and the definition of M yield

ol + Vb _ M
hy —1 _hk—1.

k41— x| <

Thus, the triangle inequality and the uniform bound My on ||[VA(x)|| = ||[V2¢g(x)]|| imply

* * AJHAJ !
er+1 < geg + [[Aggr — Apll < gep + he—1 1k * hp —1
This proves (55). By and (i3),
ert1 < q¢/2+ Ci/ng < /2, [Ak+1 = Aol < €1 + [[A(xp41) — Alxo) || < (/24 (/4 < C.

This completes the induction, including at the stopping state.

To bound the cumulative squared tracking error, fix a sample path and collect the errors into the
vector € = (ek,,...,€es—1). We separate the initial error, the preceding errors, and the one-period
perturbations by defining

a= (ex,0,...,0),

b = (O,Gko,. . .,60_2),

Ch Ch
d= .

By , 0 < e <a+gb-+d. The triangle inequality thus gives

S = el < lla+gb+d| < [lall + ql[bl| + [|d]

1/2 1/2
o—2 o—2
=exta| D e +C | Y (e =1)7"
k=ko k=ko
Rearranging yields S? < Cg on every sample path, completing the proof. ]
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C.2.5 Bounding the Expected Remaining Horizon and Completing the Proof

In this section, we show that the expected remaining horizon at stopping, Eh,,, is uniformly bounded.

Together with , Lemma and Theorem this bound completes the proof of Theorem
To bound Eh,, we adapt the stopped-martingale argument of Lemma starting at kg. Let
m; £ E[Yj+1 | g]] and define

k—1
m. — Y. B
M2 ey, ko <k<N.
=ko ’

Then {My} is a martingale. The binding-resource recursion in yields

kNo— 1 —mg
Js
Xipno — X0 = (X, — X0) + My + Z ﬁ
Jj=ko
Thus,
" g —myel
1%k —%ol| < [Jxr, — %ol + Mgl + Z h -1
Jj=ko
k-1 1/2 (57)
<r/A+ Mgl + L/ Cr | Y (hy—1)77
Jj=ko

< T/4 + ||Mk’|3|| + L\/QCE/hk.

For the second inequality, note that ||xx, — x|l < r/4 by (54). Moreover, for ko < j < o, both A}
and A; lie in B(Ag, ) by and Lemma [C.6] Hence,

Ixj —mjg| = [[ma(A;) — mg(A))|| < [[m(A7) —m(X;)[| < LIA; = Ajl| = Lej,

where the second inequality follows from VV = —m and Assumption Therefore,

kno—1 ||X . BH kno—1 kNno—1 1/2 kNno—1 1 1/2
] ]7 2
Z h: —1 LZ _1— Zej Z (hj —1)2
j=ko Jj=ko Jj=ko Jj=ko
b1 . 1/2
< Ly/C —_—
- " JZ,; (hj =12 |~
=R0

where the second inequality is Cauchy—Schwarz and the third inequality follows from Lemma
For each slack coordinate s € S, by ,

mjs < ps(X0) +0/8 < ps(x0) +6/2 < pjs ko <j <o,
where the last inequality follows from the definition of D(xg) in and j < o. The slack-resource
recursion in therefore yields
kno—1 Pis — M
PkAo,s — Pko,s = R + Mk,s > Mk,s-

= Ml
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Since pg,,s > ps(x0) + 70/8 by , an exit through coordinate s requires M, s < —34/8.

Choose
128L20E" }

Uy = Max {no + 1, [ 072

so that L\/2Cg/u < 3r/8 for all uw > wu,. Fix an integer v > u, and set k =n —u. On {h, > u},
we have o0 < k < N, so stopping must occur through an exit from D(xg) via either a binding or a
slack coordinate. An exit through a binding coordinate implies ||x, — Xg|| > 7, which, together with
(57), requires ||M, g|| > 3r/8. Since M, = M, for k > o, we obtain

{he > u} € {|Myg| > 3r/8} U { My, < —30/8}.
seS

Applying the coordinatewise concentration bounds and a union bound as in the proof of Lemma
gives P(hy > u) < Ce™® for some uniform constants C, ¢ > 0. Consequently,

Ehagu*+CZe*C“<oo.

U=Ux
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