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Abstract

Motivated by applications in shared vehicle systems, we study dynamic pricing of resources
that relocate over a network of locations. Customers with private willingness-to-pay sequentially
request to relocate a resource from one location to another, and a revenue-maximizing service
provider sets a price for each request. This problem can be formulated as an infinite horizon
stochastic dynamic program, but is quite difficult to solve, as optimal pricing policies may
depend on the locations of all resources in the network. We first focus on networks with a hub-
and-spoke structure, and we develop a dynamic pricing policy and a performance bound based
on a Lagrangian relaxation. This relaxation decomposes the problem over spokes and is thus far
easier to solve than the original problem. We analyze the performance of the Lagrangian-based
policy and focus on a supply-constrained large network regime in which the number of spokes
(n) and the number of resources grow at the same rate. We show that the Lagrangian policy
loses no more than O(\/ln n/ n) in performance compared to an optimal policy, thus implying
asymptotic optimality as n grows large. We also show that no static policy is asymptotically
optimal in the large network regime. Finally, we extend the Lagrangian relaxation to provide
upper bounds and policies to general networks with multiple, interconnected hubs and spoke-
to-spoke connections, and to incorporate relocation times. We also examine the performance
of the Lagrangian policy and the Lagrangian relaxation bound on some numerical examples,
including examples based on data from RideAustin.

Subject classifications: Dynamic pricing, resource relocation, hub-and-spoke networks, Lagrangian
relaxations, asymptotic optimality.



1 Introduction

Motivated by the growing popularity of shared vehicle systems (e.g., “ride-sharing” or “ride-hailing”
platforms such as Lyft and Uber, as well as many bicycle-sharing platforms), there has been an
increased study of algorithms for efficiently managing resources that circulate over a network of
locations. A number of other applications related to transportation networks or logistics also involve
resources that change locations over time. In this paper, we study a dynamic pricing problem faced
by a service provider managing a finite number of resources over a potentially large network.
Customers (e.g., riders) with a private willingness-to-pay sequentially arrive with known rates and
request to relocate one resource (e.g., driver) from an origin location to a destination location.
When a request arrives, the service provider selects a price based on the origin and destination,
as well as potentially the location (i.e., “state”) of all resources in the system. The request is
fulfilled if and only if the origin location contains resources and the customer’s private value is at
least equal to the selected price; a fulfilled request generates revenue (equal to the selected price)
for the provider and leads to one unit of resource relocating from the origin to the destination. If
the origin has no resource, the request is lost. The problem is to find a dynamic pricing policy
that maximizes the provider’s average revenue over an infinite horizon. With many locations, this
problem is difficult to solve, as optimal pricing policies may depend on the locations of all resources
in the system.

The model we study closely follows the models studied in Waserhole and Jost (2016) and
Banerjee et al. (2016)): both of these papers are motivated by ride-sharing and study the role
that pricing plays in controlling the flow of resources while attempting to maximize a particular
objective (e.g., revenue, throughput, or social welfare). The key methodology in Waserhole and
Jost| (2016) and Banerjee et al. (2016) is the use of fluid relaxations that provide upper bounds
on the performance of an optimal pricing policy and lead to a static pricing policy (i.e., prices
depend on the origin-destination pairs but not on the number of resources across the network).
Both Waserhole and Jost| (2016) and Banerjee et al. (2016]) show that the fluid-based static policy

—— of the fluid upper bound, where m is the number of resources and n

is within a factor of 4

is the number of locations. This result holds for general network structures and implies that the
fluid-based static policy is asymptotically optimal in the large supply regime where the number of
resources grows faster than the number of locations.

Although the large supply regime may be appropriate when resources are concentrated within a

few locations (e.g., compact cities with high population density), in this paper we consider instead



a setting when resources are distributed over a large number of locations (e.g., sprawling cities
with many neighborhoods and heterogeneous population density). This motivates us to study a
supply-constrained large network regime in which the total supply of resources grows at the same
rate as the number of locations. In Section [2] we show that when the total arrival rate of requests
grows proportionally with n, resource utilization (measured in average relocations per resource per
unit time - e.g., rides per driver per hour in ride-sharing) is bounded from below by a constant in
the large network regime we considerH Thus, resources are ensured to be “frequently” in use, and
the regime we consider can be relevant in some practical settings.

The large network regime also appears to require significantly different policies and analysis than
the large supply regime. In particular, in the large supply regime, the system behavior becomes
essentially deterministic as the network becomes congested in the large supply limit, and thus
fluid relaxations provide a very good approximation and fluid-based static policies provide a good
performance. In contrast, when the number of resources and size of the network grow at the same
rate, the limiting behavior of the system retains a stochastic character, and it is essential to adjust
prices dynamically based on the locations of resources to attain good performance.

Whereas fluid relaxations have been shown to perform well in the large supply regime for general
network structures, our initial theoretical analysis is specialized to networks with a hub-and-spoke
structure (see Figure [I)) and a large number of spokes. Hub-and-spoke network structures are
popular in the transportation industry (perhaps most famously by airlines) because they minimize
the number of routes connecting every location. In shared vehicle systems, a hub-and-spoke network
provides a reasonable approximation to a metropolitan area in which commuters travel back and
forth from suburbs (the spokes) to a densely populated urban core (the hub). In addition to the
transportation industry, hub-and-spoke structures are used widely in communications and logistics
(see e.g., Pirkul and Schilling[1998 and references therein).

Our approach involves a Lagrangian relaxation of the constraint that the number of resources
in the hub be non-negative. With this relaxation, the problem simplifies considerably in that
the dynamic pricing problem decouples across spokes. With the optimal Lagrange multiplier, the
Lagrangian relaxation has the interpretation of ensuring that the hub has non-negative number

of resources in expectation. A key innovation in our approach is to then consider a perturbed

!This is consistent with findings in the popular press on how companies like Lyft and Uber may “optimize” the
total number of drivers: for a given urban area, there may be a “target” number of requests per driver per hour
on average. See, e.g., https://www.nytimes.com/2018/08/10/upshot/uber-lyft-taxi-ideal-number-per-city.
htmll Moreover, large cities like NYC are considering capping the number of drivers on road. See, e.g., https:
//www.nytimes.com/2018/08/08/nyregion/uber-vote-city-council-cap.htmll
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Lagrangian relaxation that ensures that some relatively small amount § = o(n) of resources remains
in the hub in expectation. We develop a dynamic pricing policy based on a dual formulation of
the perturbed Lagrangian relaxation; this policy involves precise, state-dependent control of the
resources at each spoke. We show that the performance of this policy in the original (i.e., fully
constrained) system is “close” to the performance in the relaxation by relating the performance
gap to the probability that the hub is depleted in the original system. Finally, by choosing ¢ as a
particular function of n and analyzing the properties of the stationary distributions of resources in
the spokes, we show via concentration inequalities that the hub depletion probability is small; this
result implies that the Lagrangian-based policy is asymptotically optimal for large hub-and-spoke
networks in which the number of spokes n and resources m grow at the same rate.

We then extend our policies and performance bounds to general networks with multiple, in-
terconnected hubs, and spoke-to-spoke connections. For systems with multiple hubs, we further
dualize the flow balance constraint for each hub, i.e., the constraint that, for each hub, the average
inflow of resources is equal to the average outflow of resources: this ensures the in-flow and out-flow
of each hub is balanced in expectation (with optimal Lagrange multipliers). To handle spoke-to-
spoke connections, we further dualize the relocation constraint associated with these requests. In
our base model, we assume relocations occur instantaneously. We also develop a tractable approach
to incorporating relocation times into the policies and bounds. In this paper, we restrict most of the
theoretical analysis to single-hub networks with no spoke-to-spoke transitions, and instantaneous
relocations (we also analyze multiple hub systems under some restrictive assumptions on the hubs).
Extending the analysis of Lagrangian-based policies to general networks remains an open challenge.

Although the fluid-based static policy is easy to implement and provides provably good perfor-
mance for general networks, we show that the Lagrangian relaxations we consider provide tighter
performance bounds, and no static policy is asymptotically optimal in the large network regime we
consider. In some sense, the Lagrangian policy can be viewed as a refinement of the fluid-based
static policy in which we price dynamically for requests involving a node with fewer resources (i.e.,
a spoke), but retain static pricing for requests in which both the origin and destination tend to have
a large number of resources (i.e., hubs). Our dynamic pricing policies may depend on the number
of resources either at the origin or the destination location. When all the nodes in the network
are treated as hubs, the Lagrangian relaxation and policy are identical to the fluid relaxation and
the fluid-based static policy. In Section [7.2] we show the Lagrangian policy performs well and out-
performs both the fluid-based static policy and another Lagrangian-based static policy in general

networks using a model calibrated on empirical data from RideAustin.



The paper is organized as follows. Section [I.1] reviews some related work. In Section [2] we
formulate the problem, and in Section [3| we discuss the Lagrangian relaxation and corresponding
Lagrangian policies. Section ] presents the main results on performance analysis and an overview of
the key steps of the proof. In Section [5| we compare to fluid relaxations and the optimal static poli-
cies, and provide an analytical example showing that the optimal static policy is strictly suboptimal
in the large network regime we consider. Section [f] extends the Lagrangian relaxation and policy
to more general network structures with multiple hubs, spoke-to-spoke connections, and nonzero
relocation times. In Section [7| we evaluate the performance of the Lagrangian policies on single hub
synthetic examples and a realistic example based on data from RideAustin. Section [§] concludes.
The main proofs are in Appendix [A} additional discussions and derivations are in Appendices [B]

through [G

1.1 Related Literature

In addition to [Waserhole and Jost| (2016) and Banerjee et al.| (2016), a number of other researchers
have studied stochastic control problems involving relocating resources. |Braverman et al. (2016)
also study ride-sharing problems and focus on how to optimally reposition resources after each
service to under-supplied locations to better meet future demands; they consider both arrival rates
and number of resources growing large for a fixed network of locations, but incorporate positive
transition times. Their approach also involves the study of fluid limits: they show the fluid-based
upper bounds and their induced static policies are asymptotically optimal in the heavy traffic
limit, whereas we show these fail to be asymptotically optimal in the large network regime we
study. |Ozkan and Ward (2017) consider instead the assignment problem of matching requests
with nearby resources and show that a fluid-based static (matching) policy achieves asymptotic
optimality in the heavy traffic regime. |Banerjee et al. (2018) consider a similar assignment problem
and develop a state-dependent assignment policy that achieves the optimal decay rate of demand-
dropping probability in the large supply regime. Kanoria and Qian| (2019) study joint matching
and pricing and develop a state-dependent assignment policy that does not require prior knowledge
of the demand arrival rates and is asymptotically optimal in the large supply regime. Variations of
these models involving equilibrium considerations (e.g., strategic drivers in ride-sharing networks)
have also recently been studied: Bimpikis et al.| (2016) study spatial pricing in ride-sharing networks
with strategic drivers operating in an infinite-horizon fluid mode]EL and [Besbes et al.| (2018) study

2 Although Bimpikis et al| (2016) focus on spatial pricing with strategic drivers, they too study networks related
to hub-and-spoke networks; they refer to these as “star” networks. |Bimpikis et al.| (2016) argue that spatial dis-



spatial pricing in a static equilibrium model with demand-supply imbalances. Finally, Besbes et al.
(2019) study the problem of determining the optimal number of drivers in ride-hailing systems to
balance service utilization and customer waiting times while accounting for pickup and travel times,
under a heavy traffic regime.

Other researchers have studied similar relocation problems for managing logistics and trans-
portation networks. For example, |Adelman| (2007)) develops a price-directed control policy to man-
age a network of shipping containers. This policy is based on approximate dynamic programming
and the problem studied involves accept-or-reject decisions for requests (rather than a continuum
of prices). A number of other papers (e.g., Du and Hall |1997; |George and Xia [2011; Song and
Carter| 2008|) consider designing the optimal fleet size and/or redistribution policy to control the
flow of equipment from over-supplied locations to under-supplied locations. Du and Hall (1997)
and Song and Carter| (2008) also consider hub-and-spoke networks and a decomposition over spokes
for equipment and vehicle redistribution problems; these papers do not consider Lagrangian penal-
ties in the relaxation. Several of these papers incorporate other realistic features of the problem
(e.g., nonzero transit times for relocations), but none of these papers provide theoretical analysis
or guarantees on the performance of the various heuristic policies studied. Finally, a number of
researchers have used Lagrangian relaxations for variations of hub-and-spoke design problems. For
example, |Pirkul and Schilling (1998) and |An et al. (2015) consider static, discrete optimization
problems aimed at optimizing the location of multiple hubs given the possibility that some hubs
may fail.

The resource relocation problem we study can be viewed as a control problem for a closed
queueing network. For example, Banerjee et al.| (2016) use the Gordon-Newell theorem (Gordon
and Newell[1967)) to analyze the stationary distribution of their static pricing policy, and |George and
Xiay (2011) use results from the study of BCMP networks (Baskett et al.|1975|) to analyze optimal
fleet sizing problems. In general, fluid limits are a widely used tool in the study of closed queueing
networks (see, e.g., Harrison and Wein|1990, and [Kumar and Kumar [1996)). Typically, an optimal
solution to the fluid relaxation problem can be implemented in the original problem as a static
policy and proven to be asymptotically optimal in a regime where the number of resources grows
faster than the number of locations. These static policies often result in stationary distributions
that are separable across the network (i.e., the joint distribution of the system has a product form

across nodes in the networks); this separability need not hold in the state-dependent pricing policies

crimination in pricing in their setting confers more profits in networks with demand that is less “balanced,” with
hub-and-spoke (or star) networks being a prominent example of this.



we study.

For hub-and-spoke networks, the dynamic pricing problem can also be viewed as a special
case of a weakly coupled stochastic dynamic program (DP), where the linking constraint is the
capacity constraint that the total number of resources in the spokes can not exceed the total
number of resources m (or equivalently, the number of resources in the hub must be non-negative).
Hawkins| (2003), |Adelman and Mersereau (2008)) and Bertsimas and Misic| (2016) study DPs that
are linked through global resource constraints and they all consider Lagrangian relaxations of
the linking constraints. Lagrangian relaxations of stochastic DPs have also been used in many
applications including network revenue management (e.g., |Talluri and van Ryzin 1998} Topaloglu
2009; Kunnumkal and Talluri |2016), inventory allocation (e.g., Marklund and Rosling 2012; Miao
et al.|2020), marketing (e.g., Bertsimas and Mersereau 2007 and (Caro and Gallien |2007), and
restless bandit problems (e.g, Brown and Smith/2017, Hu and Frazier| 2017, and [Zayas-Cabén et al.
2019)).

1.2 Notation and Terminology

We let N denote the set of nonnegative integers and N the set of strictly positive integers. For any
z,y € R, we let x Ay = min{z,y} denote the minimum of x and y. For any a,b € N with a < b, we
let [a:b] = {a, a+1,....,b—1, b} denote a sequence of integers starting from a and ending with b
and we denote [n] = [1:n] for any n € N;. We let e; denote a vector with the i-th element being

one and all the other elements being zeros; the dimension of e; is clear from the context.

2 Problem Formulation

We study a dynamic pricing problem with m resources relocating in a network. We consider an infi-
nite horizon continuous-time model. Customers with private willingness-to-pay sequentially request
to relocate one resource from one location to another. We assume relocations are instantaneous
and after each relocation the resource remains in the destination until relocated again by another
request. Requests of each type (i,7) — i.e., those requests to relocate one resource from location
i to location j — arrive following independent Poisson processes with rates 7;;. We focus on the
embedded discrete-time model where in each time period a request arrives and with probability

A Nij

% = 5 o the request type is (i,7), independent of requests in earlier time periods We can
k,l

3The continuous-time model and its embedded discrete-time model are equivalent because, under any station-
ary policy, the limiting distributions of the continuous-time and discrete-time Markov chains converge to the same



describe the network topology by a directed graph with each node representing a location and
there is an edge from location i to location j if ¢;; > 0. Throughout the paper, we assume that the
network topology is strongly connected.

Upon the arrival of each request, a service provider selects a price p based on the type of the
request and the locations of the resources. If the number of resources at the origin location is
positive and the private value for the request is greater than the price, the request is fulfilled, the
service provider earns p, and one resource transits from the origin to the destination; otherwise the
request is lost. If there is no resource in the origin, the service provider simply drops the request.
The problem is to find a feasible policy that maximizes the average revenue per time period over
an infinite horizon.

Throughout the paper, we assume that private values are independent. Moreover, the private
value for a request of type (i,j) follows a known continuous cumulative distribution Fj;. Thus
given a price p and assuming that the origin location contains resources, the probability that a
request of type (i, ;) is fulfilled is d;;(p) = 1 — Fy;(p). We let G;j(d) = sup {p: 1 — F;j(p) > d} be
the generalized inverse demand function for d € [0,1]. The service provider equivalently selects a
demand level d in the interval [0, 1] every time a request arrives and charges the price G;;(d). We
let 73;(d) = d - G;;(d) be the one-period expected revenue functions, and we assume the following

properties on these functions.

Assumption 2.1. For all request types (7, j), the one-period expected revenues 7;;(d) = d-G;;(d) are
strictly concave in the interval [0,1] with r;;(0) = 0; the maximum values are uniformly bounded

by some constant 7 > 0, i.e., maxge(o 1) 7j(d) < 7 the derivatives are uniformly bounded by some

w >0, i.e., maxge(o 1] ‘rgj(d) < @; and the unique maximum points d;; = argmaxgeo )7 (d) lie in

the interior of interval [0, 1].
Strict concavity simplifies our analysis, as this leads to unique solutions of the resulting op-
timization problems and rules out optimality of randomized prices (e.g., mixed policies). The

assumption that the maximizers of the revenue functions are strictly interior is helpful in ensuring

the Markov chains under various policies we study have helpful properties (e.g., irreducibility).

2.1 Large Network Regime

We consider a large network regime in which the number of resources m scales at the same rate as

the number of locations. When the demand rate per location is constant, this scaling of resources

stationary distribution (which may depend on the initial state if the Markov chain has multiple recurrent classes).



ensures that resources are in use “frequently” under any pricing policy, in a sense we now make
precise.

Let n denote the number of locations and 7 denote any feasible policy; formally, 7 is a mapping
from the state — which is the origin and destination of the current request as well as the vector
X = (7;)jem) € N", describing how many resources are in each location — to a demand level
d € [0,1]. The next result bounds the resource utilization of a policy in terms of the average

revenue per period.

Proposition 2.1. Suppose the total arrival rate satisfies nn < Z” nij < in for some n,n > 0. For
any policy 7, let V™ denote the average revenue per period (i.e., request) using w. Then resource
utilization as measured in the average number of relocations (e.g., rides) per resource per unit timfﬂ
which we denote by O™, satisfies

VAN n

— . L<pm<q 2
w m m

We prove the resource utilization inequalities under an assumption on the total arrival rate,
which can be justified when locations have a constant demand for relocations (for example, when
each location covers a geographical area with a similar population) and we consider increasing the
number of locations (for example, by extending the geographical area of coverage). This assumption
implies that the expected time between requests is on the order of 1/n. We prove Proposition
in Appendix and note that Proposition also holds with relocation times (see the proof for
a justification of this).

When m grows at the same rate as n, Proposition [2.1| implies that the resource utilization is
bounded from below by a positive constant for any pricing policy 7 (under the mild condition
that V™ is bounded from below by a positive constant). In this sense, resources are ensured to be
“frequently” in use, irrespective of the size of the system. In the remainder of this paper we focus
on the large network regime and aim to develop policies that perform well in this regime. We begin
with networks with a hub-and-spoke structure; Section [6] discusses how to extend our approach to

more general networks.

2.2 Hub-and-Spoke Networks: Optimal Control

We first focus on a hub-and-spoke network as illustrated in Figure There is one hub at the

center denoted by location 0 and n spokes around the hub denoted by locations 1 to n. In this

4By “time” here we refer to the underlying continuous time model. For example, in ride-sharing, how many rides
per hour is completed by each driver, on average.



Figure 1: A hub-and-spoke network with one hub (grey) and n spokes (white).

model, the only requests are between the hub and a particular spoke. The request type is (i,0)
with probability g;p > 0 and is (0,4) with probability go; > 0 for each spoke i. We let ¢; = gio + qoi
be the probability that spoke i is involved in a request; these probabilities ¢; sum up to one.

We let z; denote the number of resources in location i for i € [0:n] and let vector x = (2;);¢[n] €
N™ denote the number of resources in each of the spokes. The number of resources in the hub is

uniquely determined by the number of resources in the spokes because xg + > | Ti = M. Thus

i€n
the set X = {x = (Ti)iem) € N": Zie[n] x5 < m} incorporates all feasible states of the resources.
We can represent the system state by a tuple (x,s), with x € X being the state of resources and
s being the type of the arriving request (i.e., either (7,0) or (0,4) for some i € [n]). Sometimes we

will also represent the system state by (x,14,0) or (x,0,) given that the request type is either (7, 0)

or (0,7). The average revenue optimization problem is

T
1 - ™
VO = max lim 'E{ > > <y"°7t 0 (doe) + Yoi.e - Toi (doz,t)> }

t=1 ic[n]
st @l = g UG <] tyoie - 1[G < dji ] Vieml e =1, )

7, >0,Vie[0:n],t>1,

Z rip=m, Vt>1,

1€[0:n]
where II is the set of all non-anticipative policies (that is, policies that can only depend on the
observed history), di; 4 is the demand level employed by policy 7 at time ¢ when the request type
is (i,7), z7, is the resource level of location 7 at the beginning of time ¢ under policy 7, yi;¢ is a

binary random variable with y;;, = 1 if the request type is (¢, j) at time ¢, and {&;}+>1 is a sequence



of independent and identically distributed random variables following a uniform distribution with
support [0,1]. The first constraint models the dynamics of the number of resources in the spokes;
the events {§ < df,,} and {{ < dfj;,} capture whether the request is fulfilled and a resource
relocates from a spoke to the hub and the hub to a spoke, respectively. The second constraint
ensures that locations have non-negative amount of resources while the third constraint determines
the number of resources in the hub. We let VT be the optimal value of . In Proposition
we show VOFT does not depend on the initial state of the system and provide Bellman equations

for the optimal control problem.

Proposition 2.2. The optimal value VOFT of does not depend on the initial state of the system.
Moreover, VOFT together with the differential value functions v(x,s) for each state (x,s) satisfies
VOt +0(x,0,i) = max {T‘Oi(d) +d-v(x+e)+(1—d)- U(X)},

de[0,1Az0)

(2)
VOt +v(x,i,0) = max {no(d) +d-v(x—e)+(1—-d)- v(x)},

dE[O,l/\Z‘i}
for allx € X and i € [n], where v(x) = E;[v(x, s)| = Zie[n] {QOz‘ ~0(x,0,1) 4 gio - v(x,i,O)} are the
average differential value functions over request types. Finally, an optimal stationary policy exists;
any policy that selects d*(x, s) in every state (x,s), where d*(x, s) is optimal in (3), is an optimal

stationary policy.

Even though the control space is infinite (i.e., d € [0, 1]) in our problem, concavity of the revenue

functions r;(d) and r;(d) guarantees that there exists a solution to (2). We provide more details

in Appendix

3 Lagrangian Relaxations

The Bellman equation can be difficult to solve due to the “curse of dimensionality”: the number

of states is in general exponential in the number of spokes n and the number of resources m. For

2 n ..
S jﬁ‘ Intuitively,

a service provider following an optimal policy has to balance the overall spatial distribution of

example, if n = m, the number of all feasible states of resources is |X| = (

resources. For example, suppose a request of type (i,0) arrives. Although the service provider
would like to accept the request and collect an immediate revenue, an optimal value for the demand
level d depends on the overall spatial distribution of the resources: if the number of resources in

spoke ¢ is low (high) relative to the number of resources at other spokes in the network, the service

10



provider should accept the request with a relatively low (high) probability. More generally, the
service provider may try to decrease the probability if accepting the request will cause the overall
distribution of resources to deviate further from some “ideal” distribution of resources, and vice
versa. This behavior may be particularly important in systems in which the number of resources
and the number of locations are comparable. In this section we study Lagrangian relaxations that
decompose the problem over spokes. The Lagrangian relaxation can then be used to generate a

feasible policy as well as an upper bound on the performance VOF" of an optimal policy.

3.1 The Lagrangian Relaxation

We consider a Lagrangian relaxation that relaxes the constraint that the number of resources in
the hub be non-negative or, equivalently, the capacity constraint Zie[n} z; < m, and uses a dual
variable A > 0 to penalize violations of this constraint. The Lagrangian relaxation allows the
number of resources in the hub to be negative but in every time period, every resource in the
spokes incurs a cost A\. The set of all feasible states of resources in the Lagrangian relaxation is
X = {x = (Ti)igm) EN" 1 2; <m, Vi€ [n]}, note that here we still require that the number of
resources in each spoke not to exceed the total number of resources m. The Lagrangian relaxation

can be written as

T T
5 . 1 s s ™
Vi=mar Jim g E{ 2.2 (y o () + voie - o (do@-,») ODCEDD )}

i€[n]
st @l = a7 —vior - L& < dfy] +yoie - L[& < dgs], Vie[n]t>1, (3)

Oﬁxztgm, Vie|[n],t>1.

following the same notation as in . After the relaxation, the number of resources x; in the hub
is no longer part of the state; however, we can still determine its value, which might be negative, by
o, =m— Zie[n} zi,. We let V? denote the optimal value of . In Proposition H we show that
V? does not depend on the initial state of the system and it provides an upper bound on V°FT,
Moreover, the Lagrangian relaxation decomposes over spokes into a sequence of spoke problems

that can be solved independently.

Proposition 3.1. For any X\ > 0, the average revenue V> of an optimal policy to the Lagrangian

relazation is independent of the initial state and satisfies V> > VOPT. Moreover, V> decomposes

11



over spokes as

VA=mA+ > h, (4)
=1

where hf‘ 1s the average revenue of an optimal policy to each spoke problem, independent of the initial
state of the spoke. Finally, h) together with the differential value functions v}(x,i,0), v} (x,0,1),

)

and v} (z, D) satisfies

h} + v} (x,i,0) = max {T‘ig(d) +d- (vz)‘(:c -1)— vz)‘(ﬂs))} +oMz) — Az,
del0,1Ax]

R0 = max ) +d- () @) @) e O

hf‘ + v{\(ac, o) = vf‘(:z:) -\,

for each resource level x € [0:m] of spoke i, where v}(z,i,0), v}(x,0,4), and v} (z, @) are the
differential value functions for spoke i with x resources and the request type being (i,0), (0,7), or
one of any other types respectively, and v (x) = qio - v, 1,0) + qo; - v (2,0,4) + (1 — ) - v, )

are the average differential value functions over request types.

The decomposition in Proposition [3.1]is intuitive because once we allow the number of resources
in the hub to be negative, the hub has infinite supply of resources and, as a result, decisions in
different spokes no longer affect each other. We prove Proposition in Appendix

Following standard results in dynamic programming, we can solve as an linear program
(LP), with variables representing the value functions in every state. Rather than working with
this LP, we will instead solve a dual formulation of this LP, with variables representing stationary

distributions of the resources and the optimal pricing decisions in every state, as we now describe.

Proposition 3.2. The spoke-specific optimal revenue satisfies:

P T d@ane.) ;]p(x)[qo r0< (@, )>+q° TO( (@ U)] mz:ox pi(z)
di(z,0,:)€[0,1],
pi(x)>0

s.t. ipz(x) =1, (6)
=0

dZ(O,z,O) = 0, dl(m,O,z) =0.
We prove Proposition in Appendix We can interpret p;(z) in problem @ as the
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stationary probability that spoke i has x resources, and d;(z,7,0) and d;(z,0,47) as the optimal
controls when there are = resources and the request type is (¢,0) and (0,1%), respectively. Problem
@ thus provides an optimal stationary distribution for each spoke and a set of optimal controls
to maximize the average revenue net of the Lagrangian penalty. We refer to the set of demand
values from a solution to @ as the Lagrangian policy. Once we fix a policy, the dynamics in each
spoke follow a birth-and-death chain process, and hence the stationary distribution is reversible, as

indicated by the second constraint in @ Finally, we can convert @ into the convex optimization

problem
m—1 m
(z+1)
P = max ZP()’Y( , > api(x)

z;O pi(z) x=0 (7)
s.t. sz(x) =1,
2=0
where
7i(6) = g dax |90 r0i(doi) + B - qio - io(dio) .
s.t. qoi - doi = B+ gio - dio,

and we set x - 'y,(%) = 0if z = 0. ~;(B) gives the optimal revenue between the hub and spoke i
when both have infinite capacity and the rate to the spoke is scaled by 8. When f is one, this
coincides with the optimal revenue of the fluid problem. We prove the equivalence between @ and
(7) in Appendix by partitioning the optimization problem. For fixed values of p;(z), we can
find the optimal values of the controls d;(x,0,7) and d;(z + 1,4,0) by setting 8 = p;(x + 1)/pi(z)
and solving the problem v;(3). Eliminating the controls gives a simpler problem in terms of the
probabilities p;(x) that can be formulated as @, and convexity follows because the perspective of
a convex function is convex (7;(f) is concave in [ by Lemma . In Appendix we provide
a specialized algorithm for solving by exploiting its first-order optimality conditions.

3.2 The Lagrangian Policy in the Relaxation

In this section, we formally define the Lagrangian policy derived from an optimal solution to @
The policies we describe in Section [3.4] and analyze in Section [4] correspond to Lagrangian policies
with specific choices of dual variable A. We discuss how to choose A in Section

We let p;i(x), di(x,4,0) and d;(z,0,i) be an optimal solution to @ Let I; = {z € [0:m] :
pi(x) > O} be the support of the probability distribution p;(z); the set I; is non-empty because
Yo opi(z) = 1. In Lemma we show that the set I; takes the form of I; = [0 : H;] for some
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non-negative integer 0 < H; < m. We use this fact first in the definition of the Lagrangian policy.
Definition 3.1 (Lagrangian Policy). We construct the Lagrangian policy in the following two steps:

1. For a given A > 0, solve the dual problem @ for each spoke and let p;(z), d;(x,7,0) and

di(x,0,4) denote an optimal solution.

2. Store the values of d;(x,,0) and d;(z,0,7) for all resource levels x € I; = [0: H;], and set
di(z,i,0) =1 and d;(z,0,7) = 0 for any = > HZE

In the Lagrangian relaxation, the Lagrangian policy selects d;(x,4,0) if the request type is (7,0)
and the resource level of spoke i is z, and selects d;(z,0,%) if the request type is (0,7) and the
resource level of spoke 7 is . The Lagrangian policy in the original problem is defined analogously,
with the difference that the policy drops the request if the request type is (0,4) and the hub has no

resources.

Lemma provides several other useful results about the Lagrangian policy for each spoke-
specific DP: specifically, we show that the states in I; form a single positive recurrent class and
the corresponding Markov chain is aperiodic; thus the limiting distribution converges to a unique
stationary distribution, which is p;(x), independent of the initial state. Finally, the Lagrangian
policy is optimal to each spoke-specific DP.

In Proposition [3.3] we show a key property of the Lagrangian policy: namely, the controls

di(z,i,0) and d;(x,0,7) are monotone in the resource level x for = € I;.

Proposition 3.3. For each spoke i € [n], the controls d;(x,i,0) and d;(x,0,4) are increasing and

decreasing in x for x € I;, respectively.

Figure [2| illustrates the monotonicity property for the controls d;(x,4,0) and d;(x,0,). Specif-
ically, when a request (i,0) arrives, if there are many resources in spoke ¢, the service provider
following the Lagrangian policy will increase the acceptance probability (and hence decrease the
price) to encourage resources to relocate out of ¢, and vice versa.

The monotonicity property in Proposition implies that the stationary distribution p;(z)
in @ is (discrete) log-concave, which is useful for analyzing the performance of the Lagrangian

policies (see Proposition for a formal statement). Intuitively, this suggests that the stationary

SWe have flexibility to set the controls for any unsupported state z € I, where I denotes the complement of I,
because we only require that the states = € I{ be transient under the Lagrangian policy. Lemma shows that set
I; is a positive recurrent class under the Lagrangian policy, so it suffices to set d;(z,%,0) > 0 for any state z > H;.
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Figure 2: The optimal control from solving @ for the spoke problem with m = 20, gio = go; = 0.05, and
dual variable A = 0.003. All private values follow uniform distributions with support [0, 1].

distribution for each spoke under the Lagrangian policy will peak around some “intermediate”
states (see Figure [3[a)).

Finally, we show that when considering the full Lagrangian relaxation (across all spokes), the
set [[i, I; forms a positive recurrent class that is aperiodic: hence, the Lagrangian policy is a
unichain policy in the Lagrangian relaxation and all initial states share the same average revenue.
Moreover, in the Lagrangian relaxation, the stationary distribution of resources are independent

across spokes, which will also be helpful in our ensuing analysis. These facts are presented formally

in Corollary

3.3 The Lagrangian Dual Problem

From Proposition 3.1}, we can use the Lagrangian relaxation as an upper bound on the performance
of an optimal policy. Although any A > 0 provides an upper bound, we want to choose A > 0 to

provide the best possible bound. We can write the Lagrangian dual problem as

VR 2 min V2, 9)
A>0

where V? is given in . We let A* denote an optimal solution to @ The objective V* in @
is convex in A and @ can be solved efficiently (e.g., using bisection). We provide more details in
Appendix [C| on different formulations of @D and on solving @D

Proposition [3.4] provides necessary and sufficient optimality conditions for A.
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Proposition 3.4. The dual variable \* is optimal to @ if and only if

n

(Vz0) L (ijx pila) < m> , (10)

i=1 =0
where p;(x) is optimal to (@ with \* and L denotes that at least one of these conditions is binding.

It follows that the Lagrangian dual problem @ is equivalent to the problem of maximizing
the average revenue subject to the constraint that the expected number of resources in the hub is

non-negative.

3.4 Lagrangian Policy in the Original Problem and Perturbed Lagrangian Relaxation

The Lagrangian policy can be implemented in the original (i.e., fully constrained) problem as well,
with the only difference that requests from the hub are lost when the hub contains zero resources.
Analogous to Corollary we can show that the Lagrangian policy is a unichain policy in the
original problem, and hence with this policy all initial states lead to the same average revenue.
This is formalized in Corollary

One may consider using the Lagrangian policy with an optimal dual variable A* as a policy in the
original system. However, according to , if \* > 0, the capacity constraint > ;" | > 7" x-pi(x) <
m is binding and using this Lagrangian policy may leave too few resources in the hub: in the
Lagrangian relaxation, there are zero resources in the hub in expectation when A* > 0. Instead, we
develop policies that attempt to leave the hub with some amount § = o(n) of resources on average
by solving a “perturbed” Lagrangian relaxation

R _ TN
V*E(0) —Iggv oA (11)

Comparing ([L1f) to @, and noting the optimality conditions , an optimal policy to ensures
the expected number of resources in the hub is at least . Let A*(0) denote an optimal solution
to . We consider the Lagrangian policy with dual variable A*(d). We denote this Lagrangian
policy by 7(d) and denote its performance in the original problem by V™ (d). Note that although
VE(0) = V* is the tightest upper bound from the Lagrangian relaxation, V() is not necessarily
an upper bound on VT when § > 0.

The Lagrangian policy only depends on the resource level of the spoke involved in the request
and the request type, and is not necessarily optimal to the original problem. In Section[d] we analyze

the performance of the policy 7 (d) and we show that, with a specific choice of 9, the performance
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gap VOFT — V7(§) converges to zero under a scaling where the number of spokes increases and the

number of resources per location remains fixed.

4 Performance Analysis

In this section we provide our main results. Theorem first bounds the performance gap of our
policy by a term proportional to the probability the hub runs out of resources plus a perturbation
term. In Sections and we bound the probability that the hub runs out of resources when

spokes satisfy some regularity conditions.

Theorem 4.1. For any A\*(8) optimal to (11]), the corresponding Lagrangian policy m(5) satisfies
VIO S VOt < VRS VT(0) 47—+ (F+ @) - P[Xg(é) - o],

where IP’[XO((S) = 0] is the stationary probability that the hub runs out of resources in the original

problem under the policy w(J).

The first inequality of the theorem follows because our policy is feasible and the second from

Proposition The final inequality in Theorem [£.1] then follows from two key steps:

1. We bound from above the Lagrangian relaxation bound V¥ in terms of the optimal value
VE(9) of the perturbed problem plus a term that is proportional to % (Lemma .
The analysis in this step is deterministic in nature and uses results from sensitivity analysis
for convex optimization.

2. We bound from below the performance V™ (§) of the policy 7(d) in terms of the optimal value
VE(§) of the perturbed problem minus a term that is proportional to the stationary
probability that the hub runs out of resources in the original problem (Lemma . The
analysis in this step is probabilistic in nature and involves studying the dynamics induced by

the Lagrangian policy in the relaxed and original systems.

Theorem [£.1] then follows by combining the upper bound from step [I] and the lower bound from

step 2]

4.1 Bounding V* — V%(0)

In this section we bound from above the gap V® — V*(§) between the Lagrangian bound and the

optimal value of the perturbed problem . Recall that we denote by A*(J) an optimal solution
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to (L1). Since —A*(8) is a super-gradient of V*(4), we have
VE(©G) < VH0) =V < VR) + A*(9) - 4, (12)

where the first inequality is because V() is decreasing in 4. It is not hard to show that for any

6 < m, the optimal dual variable \*(8) satisfies A\*(0) < —=. This implies that when 2 is a fixed
ratio, for any 6 = o(n), the term \*(§) -  in goes to zero and as a result V¥(4) will converge
to the Lagrangian upper bound V¥,

Putting these facts together leads to the following result.

Lemma 4.2. The Lagrangian upper bound V* and the optimal value V*(§) of satisfy

VEO) <VH0)=VESVR) +7- p—

4.2 Bounding V*(0) — V7(9)

In this section we bound the gap VF(d)—V™(J) between the optimal value of the perturbed problem
and the average revenue of the policy 7(d) in the original problem.

We first consider a relaxation in which we drop the constraint xg > 0 and we retain all other con-
straints. We refer to this as the relazed system, and this is equivalent to the Lagrangian relaxation
without the terms corresponding to the Lagrangian penalty (i.e., with A\ = 0). The average revenue
of the Lagrangian policy m(d) in the relaxed system equals V®(0); this follows from complementary
slackness as given in with m replaced by m — §. Thus obtaining a bound on VF(§) — V7(0) is
equivalent to obtaining a bound on the difference between the average revenues of the Lagrangian
policy in the relaxed and the original systems.

According to Corollaries and in both systems, the limiting distribution converges to
a unique stationary distribution starting from any initial state. We let the random variables X;(J)
and X;(6) denote the number of resources in location i € [0 : n] under the stationary distributions
of the Lagrangian policy m(d) in the original and the relaxed systems, respectively. In Lemma
we bound the gap V*(8) — V™(8) in terms of P[X((8) = 0], the stationary probability that the hub

runs out of resources in the original problem.

Lemma 4.3. The average revenues V®(§) and V™(8) of the policy w(d) in the relaxed and the
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original systems satisfy

VE(E) - V0) < (F+@) - (3 o) - P[Xo(8) = 0] < (7 +@) - P[Xo(6) = 0],
i€[n]

We prove Lemma |4.3]in Appendix by first showing that the value function of the Lagrangian
policy in the relaxed system approximately solves the Bellman equation of the original system along
the path induced by the Lagrangian policy in the original system. We then use a verification theorem
to bound the total loss between these two systems. The first step follows because the Lagrangian
policy takes different actions in these two systems at the same state (x,s) only when xg = 0 and
s = (0,4) for some i € [n], i.e., when the hub is depleted and there is a request originating from the
hub. By using the monotonicity property of the Lagrangian policy in Proposition we show that
every time the Lagrangian policy differs in the two systems, the difference in continuation value
functions is at most 7 + w. Hence the difference of the average revenues in the two systems can
be bounded from above by 7 4+ @ times the probability that the hub runs out of resources in the
original system. Our approach is similar in spirit to the “compensated coupling” argument used in
Vera and Banerjee| (2018)).

Lemma [4.2] and Lemma [4.3] imply Theorem In Lemma [4.4) we show that for each spoke
i € [n], the number of resources X;(d) in the relaxed system first-order stochastically dominates

the number of resources X;(d) in the original system.

Lemma 4.4. The number of resources X;(8) in each spoke i € [n] of the relaxed system first-
order stochastically dominates the number of resources X;(0) in the original system. The number
of resources X0(5) in the hub of the relaxed system is first-order stochastically dominated by the

number of resources Xo(0) in the original system.

We prove Lemma in Appendix by coupling X;(9) and X’Z(é) based on the same arrival
sequence of requests. Intuitively, since the hub in the relaxed system has infinite supply of resources
(because the number of resources in the hub can be negative), requests to the spokes can always
be fulfilled in the relaxed system, which implies that the number of resources in each spoke in
the relaxed system remains no smaller than that in the original system. Figure [3] illustrates the
stochastic dominance relationship.

Lemma implies that the depletion probability P [XO((F) = 0} of the original system is bounded
from above by the depletion probability P[Xo(é) < 0] of the relaxed system.
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Figure 3: The stationary distribution of the number of resources in a spoke and the hub under the Lagrangian
policy in the original and relaxed systems, respectively. We set n = 10, m = 20, g;o = go; = 0.05 for all
spokes i € [n], and use the dual variable A = 0.003. All private values follow standard uniform distributions
with support [0,1]. The dual variable A = 0.003 is optimal to the perturbed Lagrangian relaxation with
0 = vnlnn = 4.80; thus § is the mean number of resources in the hub of the relaxed problem.

Corollary 4.5. The depletion probability P[Xo(é) = ()] of the original system is bounded from above
by the depletion probability P[Xo(é) < O] of the relaxed system, i.e.,

P[Xo(é) - o} < P[Xo(a) < o}.

Therefore, in order to control the probability that the hub runs out of resources in the original
system, it suffices to control the probability that the hub has a non-positive amount of resources
in the relaxed system. The latter is easier to analyze because the number of resources in each
spoke are independent in the relaxed system (by Corollary . In the next section we bound

this probability from above if the expected number resources in each spoke is uniformly bounded.
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4.3 Bounding the Hub Depletion Probability

In this section we show that if the expected number of resources E[X'Z((S)] in each spoke of the
relaxed system is uniformly bounded by some constant (Assumption , then with a particular
choice of the parameter §, the depletion probability P[Xg(é) < 0] of the relaxed system shrinks

to zero as the number of spokes n increases and the ratio 7+

remains fixed. Thus from Theorem
and Corollary the Lagrangian policy is asymptotically optimal in this regime. We provide

sufficient conditions for Assumption [4.1] to hold in Section [4.4

Assumption 4.1. E[X’I(é)] < ¢ for all spokes i € [n] and 6 > 0, and some constant ¢ > 0 that is

independent of n.

Proposition 4.6. Suppose Assumption m holds. Letting b = ﬁ, the depletion probability of the

relazed system satisfies

P[Xo(é) go] §exp(—b o )

2 m+n

We prove Proposition in Appendix by developing a concentration inequality for a sum
of independent random variables with discrete log-concave distributions and uniformly bounded
means. The random variables X;(4) for i € [n] are independent and log-concave by Proposition
and Corollary their mean values are uniformly bounded by assumption. Intuitively, the
variance of X(0) is linear in n because Xo(8) = m — > icin] X;(0) and the variances of X;()
for i € [n] are uniformly bounded (this follows from the means being uniformly bounded and log-
concavity). From the discussion in Section the mean value of X¢(9) is at least §. Thus if § grows
faster than the standard deviation of X(d), which is of order \/n, the probability that the hub
has a non-positive amount of resources in the relaxed system goes to zero. Although this intuition
is based on a Chebyshev-like analysis, we can in fact obtain an exponential rate of convergence
by bounding the moment generating functions of XZ((S) by a geometric distribution with the same

mean.

Putting Theorem[4.1] Corollary (.5, and Proposition [f.6]together, we obtain the following result.

Corollary 4.7. Under Assumptz'on and letting b = %Jrc, the Lagrangian policy w(§) with 0 < § <

m satisfies

b 52
'y < OPT< R< 'y = - ) . - . .
Vi) <V <VELSVTO)+7 ——+ (T+w) exp( 5 m+n>
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In particular, if we set § = \/% -(m+n)-Inn, we have

Inn

o v <o 2

n

when m and n grow at the same rate.

4.4 Sufficient Conditions for Uniformly Bounded Spoke Resources

In this section, we provide sufficient conditions for Assumption to hold. Intuitively, when
spokes are not too different from each other, resources would tend to distributed evenly across the
network and the expected number of resources in each spoke would be uniformly bounded. In the
extreme case when all spokes are identical, since the total number of resources at the spokes in
the relaxed system is no larger than m — §, we have E[f(z(é)] < ™ for all i € [n] by symmetry. A
similar reasoning applies to a more general high multiplicity model in which spokes are partitioned
into a fixed number of types and the number of spokes of each type s is a fixed proportion ay
of n; we can take ¢ = ﬁ with @ = ming g being the smallest proportion. Lemma further
generalizes the high multiplicity assumption and shows that under some regularity conditions on the

problem primitives, Assumption holds; in particular, these conditions imply that our theoretical

guarantees hold even when all spokes are different from each other.
Lemma 4.8. Suppose that for the single hub case, in addition to Assumption[2.1], that

1. the revenue functions ri;(d) are twice continuously differentiable and r;;(1) > 0;

2. the revenue functions r;;(d) are strongly concave with some parameter u;; > 0 and have a
Lipschitz continuous gradient with some parameter U;; > 0, i.e., u;j < —r%(d) < U;j for all

d € [0,1]. Moreover, u;; > u and Us;; < U for some positive constants i and U ;

3. the arrival rates g0, qoi € [%7 %] for some positive constants ¢ and G and all spokes i € [n].
Then Assumption [{.1] holds.

We prove Lemmal[4.8)in Appendix[A.T1] Typical private value distributions that lead to revenue
functions satisfying Assumption [2.I] and Lemma [£.§] include uniform distributions, truncated ex-
ponential distributions and truncated normal distributions with support [a,b] and 0 < a < b < o0,

and truncated log-normal distributions with support [a,b] and 0 < a < b < 0.
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5 Comparing to Static Pricing Policies

In this section we compare the Lagrangian policy to static pricing policies. A static pricing policy
specifies a demand level d;; for each origin-destination pair (7, j) and selects d;; whenever the request
type is (4,7) and the number of resources at location 7 is positive. From Banerjee et al.| (2016]) we
can solve a fluid relaxation problem to get a set of static prices. For an arbitrary network with n

locations, the fluid relaxation is
n n
VI = max YY" giy - rig(dig)
dzje[ovl] i=1 j=1

n n
j=1 J=1

The optimal value of provides an upper bound on VT and we denote the static policy by

7" and its performance by V(7%). We have V(7") = ——=V* from |Whitt| (1984) (especially

Equation (13) therein). |Banerjee et al. (2016) also show that the fluid policy can be quite different
from the optimal static policy (Appendix E therein): V(7") can be arbitrarily close to ;-— of
the performance of the optimal static policy.

The reason that fluid-based static policies may perform worse than other static policies is that
the flow balance constraint in does not incorporate the probability that a location is empty.

For example, for a hub-and-spoke network, the “exact” flow balance constraint for a general static

pricing policy is:
P[location ¢ not empty] - gio - dijo = P[location 0 not empty] - qo; - doi,

whereas the flow balance equation in is simply g¢;o - d;o = qo; - dp; for each spoke 7. In the large
supply regime, since lim,,_,~ P[location i not empty| = 1 for any location i € [0 : n], this difference
is inconsequential. However, in the large network regime we consider, the depletion probability at
a node can be strictly positive, so it is essential to incorporate these probabilities.

In general, solving for an optimal static pricing policy for a general network seems to be difficult.
For a hub-and-spoke network, however, we can use the same Lagrangian method to derive a perfor-
mance bound for any static policy and characterize the optimal static policy in the large network
limit. The construction and analysis are analogous to the previous sections, and we provide more
details in Appendix [Dl Proposition compares the performances of the optimal static policy and

the fluid policy for a single hub network with symmetric spokes.
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Proposition 5.1. Consider a single hub network with n identical spokes and let 4(8) = ;e 7i(8)
with v;(B) as defined in @ The performance of the fluid policy is V(r") = 2-4(1) and the

performance VS of the optimal static policy converges to ﬁ/(mﬂm) in the large network limit.

We prove Proposition in Appendix Since 4(f) is strictly concave by Lemma and
4(0) = 0 by Lemma we have V® > V(xn") by Jensen’s inequality. Finally, Example shows

that the optimal static policy is strictly suboptimal in the large network regime.

Example 5.1. Consider a single hub example with n identical spokes and m = %n resources. All

private values are uniformly distributed on [0,1] and the arrival rates are gip = qoi = ﬁ for
all ¢ € [n]. Since the request rates to and from a spoke are equal, the optimal solution to the
fluid relaxation is d;g = dg; = % for all ¢ € [n], the fluid relaxation bound is the trivial bound

V' = 4(1) = 1 that equals 7, and the performance of the fluid policy is V(n") = V= *.

On the other hand, 4(8) = 3 B and hence the performance of the optimal static policy will not

2 148
exceed ’Ay(mﬁnrn) = % = 0.143 in the large network regime. The optimal static policy converges to
dio = 2"%‘:_2 = % and do; = 5,4 = % in the limit. The optimal static policy is strictly suboptimal:

we can show a simple dynamic policy that limits each spoke to contain at most two resources

achieves an asymptotic performance of approximately 0.152. Details for these calculations are

provided in Appendix

6 Extensions

The policies and upper bounds developed in Section [f] can be extended to more general networks
with multiple, interconnected hubs. In shared vehicle applications, we can imagine such network
structures as capturing several nearby urban areas and other major traffic centers such as an
airport (the hubs) that are surrounded by a large number of more distant suburbs (the spokes).
Multiple hub systems are also used widely in other industries, such as airlines (e.g., Tran et al.
2017)). In Section we extend the Lagrangian relaxation to multiple-hubs networks in which
resources can relocate between hubs and between a hub and a spoke but not between spokes. We
provide performance bounds and prove asymptotic optimality only for the special case of “uniformly
related” hubs. We further incorporate spoke-to-spoke connections in Section|6.2l Finally, we discuss
how to incorporate nonzero relocation times in the bounds and policies in Section While the
theoretical analysis for general networks remains an open challenge, in Section [7] we study these

approximations on several numerical examples and find that they lead to good performance.
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Figure 4: A hub-and-spoke network with 3 hubs (grey) and n spokes (white).

6.1 Multiple Hubs

In this section, we consider network structures with multiple, interconnected hubs, as illustrated
in Figure [dl We assume resources can be relocated between hubs and between a hub and a spoke,
but not between spokes. In the following, we let J denote the number of hubs and we use variable
7 to denote a hub and variable 7 to denote a spoke.

In the Lagrangian relaxation, in addition to dualizing the capacity constraint Zie[n] i <m
using a dual variable A > 0 and dropping the constraint d < z; when some request (j,) arrives,
we dualize the flow balance constraint for each hub j, i.e., the constraint that, for each hub, the
average inflow of resources is equal to the average outflow of resources. Note that flow balance is
a “valid” equality in the sense that it is not an explicit constraint of the model, but every feasible
policy must satisfy this constraint. In particular, denoting by u; € R the Lagrange multiplier for
hub j, we introduce a reward p; for every resource that moves to hub j and a penalty —pu; for
every resource that leaves hub j.

Following this reasoning, for any A > 0 and p = (u;);ecs € R’, the Lagrangian relaxation
provides an upper bound on the average revenue V°F" of an optimal policy, which we denote by

VA#. Moreover, the Lagrangian relaxation decomposes over spokes with

n

— A

VM = m\ + E hit 4 E %'+ Gy (14)
i=1 Ja'ed

where gfj, = maxge|o,1] {rjj/(d) +d- (uj/ — Mj)} denotes the average revenue earned from a hub-

to-hub request (j,7'), and h;\’“ denotes the average revenue of an optimal policy to each spoke i
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problem. Let dfj, = argmaxde[()’l}{rjj/(d) +d - (pj — pj)} denote the optimal demand value for
the type (7, 7") requests; since we relax the capacity constraints of each hub, d;.‘j, is independent of
the resource levels of hubs j and j'. Finally, analogously to Proposition hz’-\’“ is equal to the

optimal value of the following optimization problem:

J

h?# - di(%%?é{[o,l]: Z:%pZ(x) ' Z; {Qij Y (di(x7 ij)) T (di(l"j’ Z)> }
di(z,ji)€f0,1], 7 J

pi(2)>0
+ Zu] sz {ng di(w,i,7) — qji di(fﬂ,j,i)} — A zpi(x)
=0
s.t. Zpi(x) =1, (15)

Zqﬂ- (z,7,1) = pi(x+ 1) qu (x+1,4,7), Ve e [0:m—1],

dz(OaZa]) = 07 dl(mvjvl) = 0) V] € [‘]]

Compared to @, the objective incorporates a penalty for the violation of the flow balance constraint
of each hub. We can solve in a similar manner to @ using the algorithms developed in Lemma
[A77 The Lagrangian dual problem

VREL2 min VM
A>0,ucR

provides the tightest possible Lagrangian relaxation upper bound and is equivalent to the problem
of maximizing the average revenue subject to the constraints that the expected number of resources
in the hubs is non-negative and all hubs are flow-balanced. The latter follows because the first-
order condition with respect to p; implies that """ | > ( pi(x) - <qij -di(x,1,7) — qji - di(, J, z)) +
Zj’e[J] (q] 1jdjrj qjj/djj/) =0, i.e., hub j is flow-balanced in expectation.

Finally, we can construct Lagrangian policies that attempt to leave § = o(n) resources on

average to the hubs, by solving a perturbed problem

V()= min VM — 4§ (16)
A>0,ueR’

Let A*(6) and pu*(8) be an optimal solution to ([L6)). We let our policy m(8) be the adaptive control
from solving with the dual variables \*(9) and p*(9) for requests (¢, j) or (j,4) between a hub
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7 and a spoke 7, and the static control d?jt(é) for requests of type (j,j’) between hubs. We denote
the performance of 7(d) in the original problem by V7(d). Analogous to Theorem we can
bound the performance gap by a term proportional to the depletion probabilities of the hubs in the

original problem, plus a perturbation term, as shown in Theorem

Theorem 6.1. For any \*(9) and p*(9) optimal to @), the corresponding Lagrangian policy 7(0)

satisfies

™ ™ r J r ”
VI(0) S VO SVESVI0) 47—+ (T +@) - Z}%"P[Xj(é)_o}?

jelJ
where P[Xj(é) = 0] s the stationary probability that hub j runs out of resources in the original
problem under the policy m(0), and q; = Zie[n] qji + Zj’G[J] qjj’ 15 the probability that hub j is the

originating location of the request.

We prove Theorem in Appendix Theorem implies that the policy 7(J) only loses
a small performance if the depletion probabilities of each hub are small. We conjecture that with
proper choice of the parameter 9, the depletion probability of each hub decreases to zero and hence
the Lagrangian policy is asymptotically optimal when the number of spokes n and resources m
grow at the same rate, and the hubs and their interconnections remain fixed. The challenge in
proving this conjecture is that the Lagrangian relaxation does not explicitly control the number of
resources in each of the hubs. Corollary and Proposition [4.6]imply that the probability that the
sum of resources in the hubs being zero diminishes at an exponential rate; to show the depletion
probability of each hub diminishes, we need to analyze the joint distribution of resources across
hubs. In Appendix [E] we fully characterize the joint distribution across the hubs for a special case
that we refer to as uniformly related hubs, where the ratio of the arrival rate to a spoke from a hub
to the arrival rate of the reverse trip is constant across hubs, and myopic pricing for hub-to-hub
relocations yields balanced flow within hubs. We show that the stationary distribution across hubs
is uniform with uniformly related hubs. This implies that the depletion probability for each hub is
small and as a result, the policy 7(d) is asymptotically optimal when the number of spokes n and

resources m grow at the same rate and the number of hubs is o(n).

6.2 Incorporating Spoke-to-Spoke Connections

In this section we further extend the method to handle spoke-to-spoke connections. Although the

approach applies to arbitrary networks, we expect this approach will work well when spoke-to-spoke
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requests constitute a small fraction of the total requests. Without loss of generality, we assume
that no request relocates a resource within a spoke, i.e., g;; = 0 for all i € [n], because the service
provider can simply choose d; to maximize the immediate revenue when these requests arrive.

In the Lagrangian relaxation, as before, we relax the capacity constraint » ., z; < m with a
dual variable A > 0 and drop the constraint d < ; when some request (j,7) arrives, and relax the
flow balance constraint for each hub j with a dual variable ;1; € R as before. We further relax the
relocation constraint for each spoke-to-spoke request (4,7'), i.e., the constraint ;s ;41 = @y + 1 if
a request (,7') arrives at time t and is fulfilled, and zy ;11 = 2 if not fulfilled, using the same
dual variable v;7 € R. This is equivalent to a model in which: (a) when a request (i,4") arrives
and is fulfilled, the provider receives an additional reward v;; and one resource exits the system
from spoke i; and (b) the provider has the option to add one resource at the destination at a price
vir. Since every feasible policy to the original problem is feasible to the Lagrangian relaxation
and attains an objective value that is no smaller, the Lagrangian relaxation provides a valid upper
bound for all dual variables A > 0, u € R/ and v € R™ ", which we denote by VA HV.

Similar to the previous section, this Lagrangian relaxation also decomposes over spokes and

hubs with the form

n
[/ >\7 b
TR0 WD DS
i=1 3,5 €lJ]

where gfj, = max e(o, 1] {rjj(d)+d- (uj — p;)} denotes the average revenue earned from a hub-
to-hub request (j,7’) as in , and h;\’“ ¥ denotes the average revenue of an optimal policy to
each spoke i problem; this optimal average revenue may be calculated by solving an optimization
problem similar to that includes additional decision variables d;(z,4,4") that denote the demand
values to use when a spoke-to-spoke request (i,4') arrives and spoke i has x resources, and decision
variables d;(x,',4) that denote the probability that the provider will add one resource in location 4
when a request (7', ) arrives with x resources in spoke i. The objective function further incorporates
a penalty for the violation of the relocation constraint of each spoke-to-spoke connection. We define
this problem formally and justify the above decomposition in Proposition

We can obtain the tightest possible Lagrangian relaxation upper bound by solving the La-
grangian dual problem

VR £ min YAy
A>0,ucRJ ,peRnxn

This problem is equivalent to maximizing the average revenue subject to the constraints that the

expected number of resources in the hubs is non-negative, the in-flow and out-flow of each hub j is
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balanced in expectation, and for each spoke-to-spoke connection (i,4), the out-flow of spoke i via
requests (i,4’) is equal to the in-flow of spoke ¢’ via requests (i,4’) in expectation. Proposition

shows that the Lagrangian relaxation provides tighter bounds than the fluid relaxation bound.

Proposition 6.2. The fluid relazation bound V' in 1s weaker than the Lagrangian relazation

bound min, ,, VA=0Y where the dual variables p and v are optimal when X\ = 0 is fized, i.e.,

VR < min VA=0HY < PF
2314

Thus, for a general network, regardless of which nodes we take to be hubs, this approach is
guaranteed to provide tighter bounds than the fluid relaxation. Note also that the fluid relaxation
corresponds to the case when all nodes are hubs. We prove Proposition [6.2]in Appendix [B] Finally,
we can construct Lagrangian policies that attempt to leave 6 = o(n) resources on average in the

hubs, by solving a perturbed problem

VR(9) = min VARY S, (17)
A>0,uc€RJ ,peRnX"

Let A*(d), p*(8) and v*(8) be an optimal solution to (L7). We let our policy m(6) be the adaptive
control d;(x,1,7), di(x,j,4) and d;(z,4,4") from solving the optimization problem for each spoke
(given in in Appendix [B]) with dual variables A\*(8), p*(6) and v*(9), for requests (i, j) or (3, 1)

(9)

between a hub j and a spoke 7 and requests (i,i’) between spokes, and the static control d;;*, for

requests of type (7, ') between hubs.

6.3 Incorporating Relocation Times

In this section we further incorporate nonzero relocation times. We assume relocation times of
resources on (i, j) are i.i.d. and we denote these relocation times by a positive random variable
I';; and denote their mean values by 7;; £ E[Fij]. We again consider the embedded discrete time
model where each period corresponds to a new request. With general relocation times, we need to
track the number of resources in each location as well as the resources in transit and the relocation
times they have already spent relocating.

We consider the same relaxations as in Section [6.2] First, we relax the capacity constraint
that the number of resources in the hubs is non-negative with a dual variable A > 0 and drop
the constraint d < x; when some request leaves the hub j: this involves that at the beginning of

each period, we receive a reward mA but penalize every resource that is either in a spoke or in
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transit with a cost A. We also relax the flow balance constraint of each hub j with a dual variable
i; € R, thus every resource that enters the hub j receives a reward p; and every resource that
leaves the hub j incurs a penalty —p;. Since we consider an infinite horizon setting, we assume
without loss that all rewards are collected at the beginning of the relocation. Finally, we relax
the relocation constraint for each spoke-to-spoke request (i,4’) that involves two different spokes
with a dual variable vy € R. In effect, when a request (i,4') arrives and is fulfilled, we receive
a reward vy and one resource exits the system from spoke i. We can add one resource at the
destination at a cost v, and a waiting time I';;; regardless of the fulfillment. Since every feasible
policy to the original problem is feasible to the Lagrangian problem and attains an objective value
that is no smaller, the Lagrangian relaxation provides a valid upper bound V¥ for any dual
variables A > 0, p; € R and v,z € R. Moreover, analogous to Proposition the relaxation still
decomposes over spokes.

In Appendix [F] we characterize the spoke problem when there is one hub and all relocation
times follow exponential distributions. In this case, the resulting spoke problem has two state
variables, which leads to a tractable optimization problem.

With general relocation times, the spoke problem is difficult to solve, because we need to track
the relocation times of all the resources in transit. We further relax each spoke problem to provide
a tractable upper bound by considering a relaxation that enables resources that are moving towards
the spoke to be instantaneously available at the spoke. Since a resource incurs a penalty A per
period whether it is at the spoke or moving to it, it is always better to keep the resources at the
spoke as this grants the decision maker flexibility to serve more requests. Thus, after the relaxation,
we only need to track the number of resources in the spoke because resources that are moving out
of the spoke do not need to be tracked?] We formalize this relaxation in Proposition We
note that this relaxation may not provide asymptotically tight upper bounds, but this approach
can provide high-quality bounds and policies in practice (see the examples in Section .

7 Numerical Examples

In this section, we examine the performance of the Lagrangian policy and the Lagrangian relaxation
upper bound on some numerical examples. We consider two examples: a synthetic example with a

single hub and a more realistic example based on data from RideAustin. In Appendix [G], we show

5 As in [Banerjee et al| (2016 and [Braverman et al.| (2016, we can use Little’s law for the expected number of
resources moving out of a spoke to obtain that every resource leaving the spoke to a hub j incurs a penalty AA7;; in
expectation because relocation (i,5) takes A - 7;; periods on average.
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the stationary distributions of the resources in the hub under various policies for the single hub

example, and we provide another synthetic example with multiple hubs.

7.1 Single Hub Examples

We first consider examples with one hub. The number of spokes n increases linearly from 100 to 1000
with step size 100 and we assume that all spokes are identical, the arrival rates are g;o = qo; = i
for all spokes i € [n], the number of resources is m = 2n, and the private values for all request
types are uniformly distributed in [0, 1].

For each fixed n, we calculate: (a) the performance of the policy V7™(d) with § = vnlnn;
(b) the Lagrangian relaxation upper bound VF®; (c) the fluid relaxation bound VF; and (d) the
performance of the fluid-based static policy V (7"). We additionally consider a static pricing policy

w5 with do; = iﬁ and d;o = ﬁ, using 8 = Lp with p = ™ — & =2\ /Inn. 15564 on the

1+ 1+ n n n

analysis in Appendices and 75 converges to the optimal static pricing policy in the large
network regime. For each fixed n, we additional calculate: (e) the performance V(7®) of the static
policy V(7). We estimate the values V7 (0), V(7"), and V(7%) with 100 sample paths and for each
sample path we approximate the average revenue with a time average of the total revenue of the
first 4000n time periods; this led to very low standard errors in the results (see (b) of Figure [5| for
a sense of this).

Figure [§]shows the simulation results for the single-hub case. From Figure[5], the fluid relaxation
bound is quite weak and the fluid-based static policy does not appear to converge to optimality. In
fact, since the request rates from and to a location are equal for all locations, the optimal solution
to is dij = dfj = % for all request types and the fluid relaxation upper bound is the trivial
bound VF =7 = %. The Lagrangian policy, however, performs very well and the gap between the
Lagrangian relaxation bound and the performance of the Lagrangian policy clearly diminishes as
n grows.

The policy 7° is also strictly suboptimal. Analogous to Example the performance of any

m
2m+n

static policy is no larger than % . = % in the large network regime, and the performance V (7%)
converges to this value as n increases. Note that the optimal static pricing policy is quite different
from the fluid policy not only in terms of performance, but also in terms of controls. Intuitively,
the optimal static policy will pool resources at the hub, but a dynamic pricing policy does so more

efficiently.
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Figure 5: Simulation results of the single-hub case. (b) is simply a magnified version of (a) highlighting the
performance of our policy and the Lagrangian relaxation upper bound. A 95% confidence interval around

vr (\/nln n) is plotted with dashed lines in (b).

7.2 RideAustin Example

In this section, we evaluate the policies and bounds using a model calibrated on empirical data
from RideAustin (RideAustin| 2017). The data set covers about 1.5 million transactions over a
course of 10 months. Each transaction provides detailed information on the ride, including the
longitude/latitude coordinates of the origin and destination points, the starting and end time, the
unique driver ID, and the total fare. The objective of this analysis is to demonstrate the value that
may be captured in practice by employing the Lagrangian method.

We first partition the city by clustering the origin and destination points into 100 clusters
obtained from solving the k-center problem with the first few centers initialized with k-means
clustering centers. The Voronoi diagram of the cluster centers results in a partition with n = 100
locations; we show the Voronoi diagram and the ride flow based on the partition in Figure in
Online Appendix To estimate model primitives, we assume a stationary demand arrival rate,
and deterministic relocation times and log-normal private values for each route (i, j). Since the data
only provides prices for requests that are fulfilled, we use prices as a rough approximation of the
consumers’ private values. We estimate the private value distribution parameters and the relocation
probabilities ¢;; using the full data set, and estimate the number of drivers m by restricting to data

from January 2017 to February 2017, during which the system dynamics are quite stable. We
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approximate m with the number of active drivers in a 3-hour period and we choose m = 400, which
is roughly the average number of drivers from 8am to 4pm.

To select a good set of hubs, we vary the total number of hubs J from 1 to 6, and for each value,
we solve an integer linear program to determine the specific locations to choose as hubs.

min Z (1 — SCU)  qij

zi5,y:€{0,1} i jelnlriti

n
s.t. Zyz < J,
i=1

Z xi; > 1, Z xj > 1, Vi€ [n].

J:qij>0 J:q5:>0
In (18), y; = 1 if location 7 is a hub, and z;; = 1 if request (i,j) is between hubs or between a
hub and a spoke. We minimize the sum of relocation probabilities of requests between two distinct
spokes to ensure the hubs cover most of the relocations. The first constraint enforces that at most
J hubs are selected. The second constraint imposes that z;; = 1 only if either the origin or the
destination is a hub. The last constraint enforces that each spoke is connected to a hub. Figure
in Online Appendix illustrates the locations of hubs obtained from solving with different
values of J.

For each fixed J, we calculate: (a) the Lagrangian relaxation upper bound V¥, (b) the perfor-
mance (average revenue per request) of the Lagrangian policy V™ (§) with the optimal choice of §
(which we denote by §*) and & = 0 respectively, (c) the performance of a static policy 7°(J) with
the optimal choice of § (which we denote by 63). Optimal choices of § for the dynamic policies are
roughly 160, 140, 140, 140, 140, and 160 for J from one to six; and of § for the static policies are
roughly 20, 20, 40, 40, 40, and 60 for J from one to six. In Figure [I3] in Online Appendix [G.3]
we show how performance varies with ¢ for each value of J. The dynamic Lagrangian policy 7 ()
incorporates multiple hubs, spoke-to-spoke transitions, and travel times as discussed in Section [6]
The static policy 7°(9) is computed using a perturbed version of the Lagrangian relaxation de-
scribed in Section Namely, we solve the a perturbed Lagrangian relaxation with some § like
for dynamic pricing except that we enforce static controls in each spoke problem. Additionally,
we compute the fluid relaxation bound V¥, and the performance of the fluid-based static policy
V(7¥). These quantities are independent of the number of hubs J. In the fluid relaxation , we

additionally add the constraint that the number of resources in transit is no larger than m using
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| J v 2 [ 3 [ 4 [ 5 | 6 |
VR (Lagrangian upper bound) | 7.528 | 7.531 | 7.533 | 7.536 | 7.542 | 7.546
V7™(6*) (dynamic policy) 7.161 | 7.135 | 7.114 | 7.095 | 7.078 | 7.059

V7(0) (dynamic policy) 6.892 | 6.881 | 6.883 | 6.845 | 6.842 | 6.823
V(r5(5%)) (static policy) 6.915 | 6.896 | 6.885 | 6.892 | 6.881 | 6.873
VRivﬂ’(&*)

W(dynamicgap) 5.13% | 5.55% | 5.88% | 6.23% | 6.55% | 6.90%

%Efg;sf))(static gap) | 8.87% | 9.21% | 9.42% | 9.35% | 9.60% | 9.80%

’ Fluid Relaxations ‘
V¥ (fluid upper bound) | 7.692
V(#") (fluid policy) 6.046

Vi) (fuid gap) | 27.22%

Table 1: Performance bounds and mean policy performances for the RideAustin example.

Little’s law, i.e., Y31y D%y mijdij7ij < m, as in Algorithm 5 of Banerjee et al.| (2016).

Table [1| shows the simulation results. In general, there is a trade-off in choosing the optimal
number of hubs: a small number of hubs retains the benefits of dynamic pricing at the spokes,
while a large number of hubs guarantees that spoke-to-spoke flow is minimal. From the ride flow
of the RideAustin (Figure [12(b) in Online Appendix), the requests at the central location in the
Austin downtown dominates requests at other locations greatly, and this perhaps explains why
one hub is sufficient to cover a great amount of flow and achieve the best performance. Retaining
sufficient drivers in the hubs on average in the relaxation (i.e., § = §* for a fixed J) leads to a
substantial performance improvement compared to only ensuring that the drivers in the hubs to
be non-negative (i.e., 4 = 0) in the relaxation. The best dynamic pricing policy leads to a gap of
5.13% compared to the gap of 27.22% for the fluid policy. The gap of the best Lagrangian-based
static policy is 8.87%, which substantially improves upon the fluid policy, but still underperforms

compared to the (dynamic) Lagrangian policy.

8 Conclusions

We have considered dynamic pricing of resources that relocate over a network, and developed an
approximate pricing policy and performance bound based on Lagrangian relaxations. We prove an
explicit bound on the suboptimality of this policy that shows the approach is asymptotically optimal
for hub-and-spoke networks with one hub or uniformly related hubs and with many locations and

resources. We have also shown how to extend the approach to more general networks with multiple
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hubs and spoke-to-spoke connections and how to incorporate nonzero relocation times. While we
have observed strong performance of this approach on numerical examples, ongoing work involves
developing theoretical performance guarantees for these more complex systems. Our model could be
further refined to include more realistic problem features, such as resources that periodically arrive
and depart the system and non-stationary arrival rates and revenue functions. Although these
features would potentially complicate a complete performance analysis, we believe the methods
developed in this paper would nonetheless work well with such variations of the problem. In general,
for policies from Lagrangian relaxations to perform well, we need the policy to behave similarly in
the original and relaxed problems and this requires that the constraint that is being relaxed to be
satisfied with high probability. To achieve this, we use a perturbed Lagrangian problem to push
the system toward the interior and away from the boundary of the constraint we relax. We are
optimistic that the perturbed Lagrangian could be useful in some other problems as well.

We are hopeful that supply-constrained large networks provide a suitable model of resource re-
location problems in practice. In principle, resource relocation problems can be studied in the large
supply regime by adopting network topologies in which nodes cover large geographical areas. These
coarse network topologies would guarantee a large supply of resources per location at the expense
of treating potentially distant resources as identical and interchangeable. Adopting finer network
topologies with many nodes allows us to capture spatial supply and demand more accurately as re-
sources within each node would be geographically closer. This is also consistent with insights from
the ride-sharing industry. For example, UbeIE] indicates that “Deriving information and insights
from data in the Uber marketplace requires analyzing data across an entire city. Because cities are
geographically diverse, this analysis needs to happen at a fine granularity. Analysis at the finest
granularity, the exact location where an event happens, is very difficult and expensive. Analysis on

areas, such as neighborhoods within a city, is much more practical.”
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A Proofs

A.1 Proof of Proposition [2.1]

Let N(T') be the number of requests during time [0,7]. Using the notation of Section the
long-run average number of relocations per resource per unit time ®7 is

T 1 : 1
P :mTh_I};OE{ Z Z Yijt - £t<dz]t]}

t=1 4,5€n]

- N(T)
:mE{Th_{%OT Z Zyzgt —dzz,t]}

t=1 i,j€[n]

(i) Zz‘,je[n] ig { Z Z
= - - yz]t gt < dz] t]

m N—>c>o N =1 i.je[n]
(iii) Zi,je[n] Nij i {Z Z }
= —— Yijt - dij

m N—>c>o N =1 i jein]

@w

where (i) follows from the generalized dominated convergence theorem (Theorem 19 in Royden and
Fitzpatrick|2010) because Zi,je[n] Yijel [ft < dr. ] [0,1] and limp_, o E {%] = E[hmTﬁoo # ,

17,t
(ii) from limp_, o % = Y4 jefn M and limp,oc N(T) = oo, and (iii) from the bounded conver-

gence theorem. In the last equation, O™ represents the expected throughput per period. Using
O™ <1 and Zm-e[n} ni; < fn, we have
T <
m

For the other direction, let V™ denote the long-run average revenue of policy m. We have

VW:]\;gnooi E{Z Z Yijt - Tz] z]t)}gw ]\}gnooi E{Z Z Yijt - d } 07,

t=1i,j€[n] t=14,5€[n]

where the inequality is due to the mean value theorem and the facts that r;;(0) = 0 and @ > 0 is
a uniform bound on the derivatives of the one-period revenue functions by Assumption Using
the above inequality on V™ and Zl jepn] Mg = 1, we obtain

nvr on

>4 .
w m

)

which completes the proof. The same result also holds with relocation times because incorporating
relocation times only affects the controls df;, (as resources are blocked while relocating), and we
can express resource utilization in terms of the controls as before.
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A.2 Proof of Proposition [2.2]

Since the network topology of the hub-and-spoke structure is strongly connected and the one-period
revenue functions r0(d) and rp;(d) are uniformly bounded by Assumption Assumption 5.6.1
of Bertsekas| (2012) holds. According to Proposition 5.6.2 of Bertsekas (2012)), the average revenue
VOPT of an optimal policy does not depend on the initial state of the system, and moreover, there
exists a solution to the Bellman equation ({2|) if randomized controls are allowed. Since the one-
period revenue functions are concave, randomization does not improve performance and there must
be a solution to with controls being deterministic. Thus has a solution. Finally, according
to Proposition 5.6.1 of Bertsekas (2012), if d*(x, s) attains the maximum in (2| for each state (x, s),
the stationary policy d*(x, s) is optimal.

A.3 Proof of Proposition [3.1]
It is easy to see that decomposes over spokes with each spoke problem being
1 e
max Th_fgo = E{ ; (yio,t -7i0(dfy¢) + voit - Toi (d; ) — A $ft) }

st @ =l —vioe - L& < dfy] +yoie - 1|6 < dgiy], VE>1,
0<zi,<m,Vt>1

(19)

We can interpret as an average revenue problem for spoke ¢ where in each time period, one
request arrives following the same request rates as in the original problem, and every resource in
spoke 7 incurs a holding cost A. It is easy to see that Assumption 5.6.1 of Bertsekas| (2012) holds for
the spoke problem. By the same argument as in the proof of Proposition the optimal average
revenue hf‘ does not depend on the initial state of spoke ¢, and moreover, hg\ together with some
differential value functions v (z,4,0), v(x,0,4), and v}(z, @) satisfies the Bellman equation .
Since decomposes into , the optimal average revenue V* of the Lagrangian relaxation does
not depend on the initial state as well, and

VA =mA+ i h?.
i=1

Finally, since every feasible policy to the original problem is feasible to the Lagrangian relaxation
and attains an objective value that is no smaller, we have V* > VOPT,

A.4 Proof of Proposition [3.2]

We first show that (@ is equivalent to the dual problem of the LP formulation of in Section
A4dl
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A.4.1 Equivalence Between (5)) and ()

First, note that the optimal average revenue hf‘ in can be solved by the following linear program
following Section 5.5 of Bertsekas| (2012).

min h
h v (2,1,0),
v; (mOz)v (z,2)
s.t. B + oM, 0,0) > rio(d) +d- v}z — 1)+ (1 —d) - v(z) — X -z,

Vzel0:m],del[0,1Ax], (20)
B+ vM,0,1) > roi(d) +d- v}z + 1)+ (1 —d) - v}(z) — X -z,
Vazel0:m],del0,1A(m—uzx),
A

h) + oMz, @) > vM(z) =Nz, Vo el0:m].

From Proposition 5.1.6 in Bertsekas (2012), any solution to is an optimal solution to (20)).
Problem is a semi-infinite linear program (see Section 4 in |[Anderson and Nash|[1987) with a
finite number of decision variables and infinitely many constraints.

According to Section 4.4 in|Anderson and Nash! (1987), the dual problem of can be written
as

m

‘max Z{/Olmo(d)-dpi{go)(dn/ol i(d) - ) (d) } - Zx pi(®

,0
Rl € N —
FOP(d)>o0,
pi(x,9),pi(x)>0

s.t. > pilx) =1
=0
1 "
pi(T) - gio = / ClFl(’;’ )(d), Vael0:m],
0

1 .
pi(z) - qoi = /0 dFi(’g’l)(d), Vael0:m], (21)
pi(z) - (1 —q;) =pi(z,2), Vo el0:m],

pi(w)_ﬂ[mﬁm—l]-/ d- dFZ(;i)l(d)Jr]l[le]./ a-dr%? (a)
0 0

1 . 1 .
+ / (1—d)-dF"(d) + / (1—d)-dESY(d) + pil,2), Yz € [0:m],
0 0

F"(d) = pil0) - qio, ¥ d € (0,1],
Fo(d) = pi(m) - qoi, ¥ d € (0,1,

i\m

Fi0(d), F3 " (d) € M[0,1], € [0: m)

1,

where M |0, 1] is the set of Lebesgue-Stieltjes measures on interval [0, 1] with every g(d) € M0, 1] an
increasing and right-continuous function with g(0—) = 0. We can interpret the variables Fi(’go) (d)
and Fi(’g’i) (d) as the joint probability that x resources are in spoke i, a request (z,0) or (0,4) arrives,
and the service provider selects a demand level no larger than d. p;(x, @) is the probability that z
resources are in spoke ¢ and the request is one of any other types, and p;(z) is the probability with
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T resources in spoke 1.
We now show and @ are equivalent. To see this, note that every feasible solution to (21
represents a randomized control to the spoke problem. Specifically, at every state  with p;(x) > 0,

the provider selects a demand level according to the cumulative distribution Féio)(d) /(gio - pi(x)) if
a request (7,0) arrives, and cumulative distribution Fég;”(d) /(qoi - pi(z)) if a request (0,4) arrives.
Since the one-period revenue functions r;jp(d) and rg;(d) are concave, selecting the mean values

di(z,4,0) = fo d- dF @0 () /(gio-ps(z)) for a request (i,0) and d;(x, 0, 1) fo d-dF;, Oz) d)/(qoi-pi(z))
for a request (0,1) can only be better. This implies that we can simply focus on deterministic

controls in , which corresponds to @ Thus, and @ are equivalent.

Finally, if we let hg\ > 7 and all the differential values be zero, we get a feasible solution to
with all constraints in satisfied with strict inequality; thus strong duality holds according to
Theorem 1 of Section 8.6 in [Luenberger| (1997)).

Finally we point out that, from the complementary slackness property elaborated in the same
theorem in Luenberger| (1997), for all z € [0: m] with p;(x) > 0, we have:

B + v} (x,i,0) = 750 (di(m,i, 0)) + d;i(x,1,0) - vz — 1) + (1 —di(z,1, 0)) coMz) = Az, (22)

W) + vz, 0,4) = r0; (di(m, 0, i)) b di(2,0,0) oM@+ 1) + (1 — di(x,0, z)) Mx) — Aoz, (23)

and
B + vz, @) = v} (z) — A -, (24)

where h}, v} (z,1,0), v} (z,0,i) and v)*(x, @) is an optimal solution to and p;(x), d;(x,i,0) and
di(x,0, z) is an optimal solution to (6

A.4.2 Equivalence Between (6] and

From Lemma the support of the optimal probability distribution in (@ is I; = [0: H;] for
some integer H; € N, . Introduce new variables ;(z) > 0 for = € [0:m — 1] such that p;(x + 1) =
Bi(x) - pi(z). We can write (6] as

h)\: i i0 - Tio | di 7‘a0 i - Toi | di aov. — A *Pi

C T di(ea0)e0.1], ;)p(x)[qo TO( (2, )>+q° r0< (@ Z))} ;}x pi(2)
d;(z,0,1)€[0,1],
pi(z),Bi(z)>0

s.t. z((L‘) = 1,
;)p (25)

pi(z) - Bi(z) =pi(x+1), Ve e[0:m—1],

qoi - di(x,0,1) = Bi(z) - gio - di(z + 1,4,0), Vo € [0: m — 1],
d;(0,7,0) = 0,

di(m,0,7) = 0.
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The first part of the objective equals

NE

pi() [%’0 “Ti0 (dz‘(% i, 0)) + qoi  T0i (di(iﬂa 0, 1))}

=0

(i:)m_l {pz(ﬂf) “qoi * T0i (di(l‘, O,i)> +pi(x+1)-qio-rio (dz(l“ + 1,1, 0))} (26)
2=0

Zmilpi(ﬂﬁ) [QOi “T0;i (di($7 072')) + Bi(x) - gio - Tio (di(ﬂf + 1,4, 0))],
2=0

where (i) is due to the constraints d;(0,4,0) = 0 and d;(m,0,i) = 0 and the fact that r;;(0) =
0. According to and the constraints of , given B;(x), it is easy to solve d;(x,0,i) and
di(z 4+ 1,i,0) from the concave problem ~;(3) in (8)), which is
7i(8B) = g x| doi- roi(doi) + B - gio - io(dio)
s.t. qo0i - doi = B - gio - dio-

Thus, is equivalent to
m—1
W = ‘ ( ) N
' Pi(x%?()?c)zo :EZ:O pi(z) - i Bilz Z"E pi(e
m
=0

pi(z) - Bi(x) =pi(z+1), Ve e[0:m—1].

Eliminating (;(z) from yields (7)), which is
pi(z+1) “
h = ASSELELAN NS D
=1, Z pi( ( ) D@ pile)
s.t. sz(:x) =1,
=0

(27)

where we set x - 'yl<%> = 0 if z = 0. Since the support of an optimal probability distribution in

is a sequence of consecutive interprets starting from zero, an optimal solution to can be
converted into a feasible solution to and vice versa, thus the equivalence between and
. Lemma shows that the function ~;(/3) is concave in f; this implies that is a convex
optimization problem, as we show in Lemma [AT]

Lemma A.1l. @ 18 a convex optimization problem.

Proof. Tt suffices to show the objective of is concave in p;(x). Since v;(5) is concave in [ by
Lemma and x - %(%) is the perspective of 7;(53), z - %(%) is jointly concave in (z,y) from
Section 3.2.6 of |Boyd and Vandenberghe (2004). This implies that the objective of is concave
in p;(z). O

We can solve efficiently with multiple methods. In Section we provide an specialized
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algorithm for solving through its first-order optimality conditions. We provide some useful
properties for v;(3) as a preparation.

Lemma A.2. ~;(B) is increasing in B € Ry.

Proof. We show that for any 0 < 1 < B2, we have v;(81) < 7vi(B2). Let dle and dtl)i be an optimal
solution to v;(81). We have qq; - d(l)l- =pB1-qio- d%o. It is easy to see that d(l]i and %dilo is feasible to
7i(Bs). Thus,

Yi(B2) > qoi - Toi(d;) + B2 - Gio - TiO(?ldzl())

g goi - T0i(dg;) + B2 - dio - g; " T30 <dzlo)

=i (B1),
where (i) is due to rm(%d%o) > % T30 (d}[)) because 7;9(d) is concave and r;o(0) = 0. O
Lemma A.3. ~;(B) is strictly concave in B € Ry.

Proof. For any 0 < 1 < B2 and aj,a9 € (0,1) with oy + g = 1, we let =« - f1 + ag - f2 and
show that ~;(8) > a1 - vi(B1) + a2 - i(B2).

Let d}, and d}; be an optimal solution to v;(81), and d% and d; an optimal solution to ;(52).
Since qo; - d(l)i =1 qio - dil0 and qg; - dgi = By qio - d?o, it is easy to see that dy; = aq - d[l)l- + a9 - d%i
and djp = (g - By - d}o +ag - Py - d?o)/(al - b1 + ag - B2) is feasible to 7;(8). Thus,

) 'Bl-d}o+a2'52'd?o>
a1 - B+ g P

> qoi (al -roi(dy;) + oz - Tm‘(dgi)> + qio - (Oél - B1-rio(dly) + az - B2 Ti()(d?())>

=1 -vi(B1) + ag - 7i(B2)

Yi(B) > qoi - Toi (Oq d; A s - déi) + 8- qio - Ti0<

where the second inequality is due to the strict concavity of the revenue functions and Jensen’s
inequality. O

For ease of exposition, in the following, we assume that 7;(3) is differentiable in (3; otherwise,
we can simply replace the derivatives of ;(/3) with its sub-gradients in the analysis.

Lemma A.4. ~;(B) and its derivatives are bounded from above: 0 = ~;(0) < v (5) < qoi - (7 + ),
and 0 < v;(8) < %(0) < gio - (F + @).

Proof. 1t is easy to see from that 7;(0) = 0. Moreover, the objective of satisfies that

qoi - T0i(doi) + B - gio - mio(dio)
<qoi T+ B qio-dip- @
<qoi - (T + @),

where the first inequality is due to the mean value theorem and the facts that 7;0(0) = 0 and that
@ is the uniform bound on the derivatives of 7;;(d) by Assumption Thus v;(8) < qo;i - (7 + @).
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Finally, note that
%i(B) (%)QOi'dOz"JJ*FB'QiO'?’
(%) B gio- (T +w),
where (i) is from 7g;(do;) < dp; - @ and (ii) from qo; - do; = B - qio - dio < B - gio- We have

(04) = lim i(P) g 7i(0) _ lim %‘éﬁ)

The remaining of Lemma [A-4]is directly from Lemmas and [A73]

< qio - (T +@). O

Lemma A.5. Let z(5) = B - v/(B) —vi(B) be a function of B € Ry. z(B) is strictly decreasing in (3
and z(0) = 0.

Proof. z(0) = 0 because ;(0) = 0 and ~/(0) is bounded from Lemma To see that z(8) is
strictly decreasing in 3, for any 0 < 31 < B2 we have

2(B1) — 2(B2) = vi(B2) — vi(Br) + B1 - 7i(B1) — B2 - 7i(B2)
= {7(82) = (1) = 2(B2) - (B2 — B1) } + 61 - (2(B) —i(52))
> yi(B2) = vi(B1) — i(B2) - (B2 — B1)

> 0,

where the first inequality is because 7,(51) — 7, (82) > 0 by the concavity of 7;(/), and the second
inequality is due to the first-order condition of the strictly concave function ~;(3). O

A.4.3 A Specialized Algorithm to Solve (|7)
Since is a convex program and all constraints are linear, strong duality holds. Let f(p) =

Ml e i (B ) = Nz, with p = (P2)eciomm € R7T! denote the objective of (7). Relax
=0 Pa =0 €[0:m] +

the equality constraint Y ", pi(z) = 1 with a dual variable r € R and let L(p,r) = f(p) +7- (1 —
> ot oPz) denote the corresponding Lagrangian function and r* denote the Lagrange multiplier.
Proposition provides the optimality condition for .

Proposition A.6. The following hold for (@

1. The derivative of f is Of |Op, = —)\-:c—i—’y;(ﬁ) -]l[:c > 1] — z(%) : ]l[a: <m-— 1];
2.p= (P:v)a:e[():m] S RTH is optimal to (@) and v € R is a Lagrange multiplier if and only if
(a) p is feasible to (ﬁ), and (b) % =7 for all p, >0 and é%]; <7 for all p, = 0;

3. The Lagrange multiplier r* = hf‘ equals the optimal value of @

Proof. Part 1 can be verified directly. Part 2 is from Proposition 6.2.5 in [Bertsekas et al.| (2003).
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For part 3, suppose P = (pz)ze[o:m] 18 an optimal solution to with support [0: H]. We have

st ()

z€[0:H| z€[0:H|
(i) H A\(m-1) Pait H A(m-1) Dui1
SN D perzt Y e %( )— > pm+1-7§<z+>+ Z px'z(x+)
z€[0:H| z€[1:H] - =0 Dz Dz
H A(m—1)
(111) S\ Z Do T+ Z Da Z<pm+1>
z€[0:H] Pz
(iv)
f(p) =h,

where (i) is from part 2, (ii) from part 1 and the definition of z(8) = 8- v/(8) — vi(3), (iil) from
pr+1 = 0 and thus ZH /S(m l)prrl %(pzﬂ) = Zf:l Dz - %{(pff1>> and (iv) from the fact that

Pz

pr =0 for all z > H. O

Lemma [A7] provides a bisection method to solve the optimality condition in Proposition
part 2 efficiently.

Lemma A.7. For anyr >0, let

0 if 4/(0) < A+,
m* = m if 4/(0) > Am +r,
[v—1] otherwise,

with v = W and [x] denoting the minimum integer that is no smaller than m Let B, =0 for

all x > m*. If m* > 1, set Bx—1 to be the value that satisfies
/ *
Vi (Bme—1) = Am* +r, (28)

and set By for x < m* — 2 recursively in the backward manner witfﬂ
’YZ( (53:) = Z(ﬁ:ﬂ—i—l) +7r+ Az +1), (29)

where z(B) is defined in Lemma[A.5 We have

1. B, is decreasing in x: Bog >+ > PBmr_1 > 0= Bp =+ = Bn_1; and

2. if r+2z(Bo) = 0, » = r* and the probabilities p;(x) that satisfy pi(x + 1) = By - pi(x) for all
z € [0:m —1] are optimal to (4); and

3. r>r*ifr+z(Bo) >0 and r <r* if r+ 2(By) < 0.

From Lemma parts 2 and 3, we can solve the Lagrange multiplier r* = hf‘ using a bisection
method. Moreover, letting 5} be the values from and with r = r*, the probabilities p}(z)

8Equivalently, in case 3, m* is the unique integer satisfying Am* +r < v/(0) < A(m* + 1) + 7.
91f the right-hand side value of is non-positive, return r < r*.
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that satisfy p}(z + 1) = 85 - p}(z) for all z € [0:m — 1] are optimal to (7). Since

<Hﬂ) ), Vo€ ml, (30)

and these probabilities sum up to one, we have

m x—1 -1

(1 +> 115 ) : (31)
z=1 y=0

From and , we can compute p;(z) for all < m. Finally, since the ratios 8 are decreasing

inz € [0:m— 1] from Lemma part 1, the probability distribution p}(z) is discrete log-concave

as defined in Definition this is the unique solution to @ according to Proposition

Proof of Lemma[A.7]. Part 1: we prove by induction. As a base case, Bp+—1 > Bm+ = 0 and By«—1
satisfies because B+ = 0, 2(0) = 0 by Lemma and . Now for any x < m* — 2, we

have

(2 Yi (/Bx-i-l)

where (a) and (b) are because holds at = and = + 1, and (c) is from the facts that A > 0,
z(B) is decreasing in 8 by Lemma and ;41 > Br42 by assumption. Since ~;(/3) is concave by
Lemma we have B, > Bei1.

Part 2: this is essentially verifying the optimality condition as in Proposition part 2. Note
that from Proposition [A.6] part 1, the derivatives of the objective f only depend on the ratios
By = pf)—:l. If r+2(Bp) = 0, it is easy to check that the probabilities p;(z) with p;(z+1) = B, - pi(x)
for all x < m — 1 and the value r satisfy the optlmahty condition in Proposition [A.0] part 2, with
8pf = r for all z < m™* and 8f < r for all z > m* 4+ 1. Thus, p;(x) are optimal t
equals the Lagrange multlpher

Part 3: let S,(r) for all 0 < x < m — 1 and m*(r) denote the values of 5, and m* with a
specific r. Since z(f) is decreasing in 3 from Lemmal[A.5] it suffices to show S3,(r) is decreasing in
r for all 0 < z < m — 1, which we will prove by induction. Clearly, m*(r) decreases in r. Thus,
for any r1 > ra, Bu(r1) < Bz(re) for all x > m*(r1). Now, for any z < m*(r1) — 1, suppose that
Bry1(r1) < Bry1(re). We have

7) and r = r*

’y{(ﬂx(rl)) o z(ﬁxﬂ(n)) +r1+ Az +1)

(i)
> Z(,Ba:+1(7"2)> + 712+ Az + 1)
(iii)

= 5 (B:(r2)).

where (i) and (iii) are from and (ii) is from the facts that z(/3) is decreasing in § by Lemma
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Ba+1(r1) < Bat1(re), and r1 > 9. Thus, £,(r1) < Bx(r2) because 7;(5) is concave by Lemma
A3
O

A.5 Proof of Proposition [3.3]

Let h}, v} (x,i,0), v}(x,0,i) and v} (z, @) be an optimal solution to . By the complementary
slackness properties in — and the fact that I; is closed under the Lagrangian policy by
Proposition for all resource levels x € I; = [0: H;] we have

h} + v} (x,i,0) = max {'rio(d) +d- (v;\(:r: —-1)— v{\(x))} +oMz) — X -z,
de(0,1Nx]

A oM, 0,4) = | e _ Ma) = \- (32)
h; + v (x,0,1) = dE[O,{I/{?I}-Ii—I)] {rol(d) +d (vI (x+1) —v; (:v))} + v (z) — Az,

hf‘ + vi)‘(a:, o) = vz)‘(x) -\,

and the controls d;(x,4,0) and d;(x,0,7) of the Lagrangian policy attain the maximum in . We
can interpret the Bellman equation as an average revenue problem with states restricted to be
in set I;. Lemma shows the differential value functions in are concave in x.

Lemma A.8. The differential value functions v(x,i,0), v} (x,0,4) and v} (z, @) in are concave
in x forx € I;.

We defer proof of Lemma to the end of this section. Let Av}(z) = v}(x) — v (z — 1) be
the difference of the average differential values of two adjacent states. Lemma implies that
Av(z) is decreasing in x for z < H;. Since the one-period revenue functions rio(d) and ro;(d)
are strictly concave, the demand levels d;(z,,0) and d;(x,0,7) that attain the maximum in
are unique. Moreover, since d;(z,,0) = argmaxde[()’l/\x]{rio(d) — d - Av)(z)} and the objective
has increasing differences in d and —AUZ-)‘ (x), by the theory of monotone comparative statics (e.g.,
Topkis 1978, Milgrom and Shannon||{1994, Topkis|[2011)), the unique optimal solution is increasing
in x € I; because —Av}(7) is increasing in z for * < H; and d;(0,4,0) = 0. Similar analysis implies
the demand level d;(x,0,4) = argmax,e(o,1(H,—a)] {roi(d) + d - Av}Mz + 1)} is decreasing in x € I;.

Proof of Lemma[A.8 Since the Lagrangian policy is optimal to (32]) and is a unichain policy by
Lemma Proposition 5.2.4 of |Bertsekas (2012)) implies that the differential value functions in
(32)) are unique up to a constant.

We now show the differential value functions are concave using a value iteration argument. Let

v} = {v’\(a:, s):x€l,s€ {(1, 0),(0,1), @}} be a set of value functions for states in the problem

i )

, and let va‘ be the one-step iteration with vf‘ being the terminal values, i.e.,

M. i.0) = , oMz =1) =0 M) = -
Tv; (z,i,0) = der[%,al}ix] {Tzo(d) +d (vz (x—1) —v; (1:))} vi(x) — Az,
A ) = (d)+d- (vMz+1) =0 +oMax) = - (33)
Tv; (2,0,1) = de[o,ﬁ?xi—x)] {T0z(d) d (1}2 (x+1) —v; (x))} vi(x) — Az,

Tvl-)‘(a:, ) = vz)‘(:c) — Az,

for all z € I;, with v}(z) = gio - v} (2,4,0) + qo; - v (z,0,7) + (1 — ¢;) - v} (x, @) being the average
terminal values over request types. Lemma shows that the map T preserves concavity.
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Lemma A.9. If the value function v {vA(x,s) cx el se {(1,0), (0,1), @}} s concave in T,

i )

the one-step iteration Tvz-)‘ s concave in x as well.

Proof. The proof is standard (e.g., Proposition 5.2 of [Talluri and Van Ryzin|2006) but we include
it for completeness. Let Av) (z) = v} () — v} (@ — 1) for < H; be the difference of average values
of two adjacent states. By assumption Av () is decreasing in z. Let

&= {va‘(x +2,4,0) — T}z + 1,¢,0)} - {ij(:c +1,i,0) — Tv;\(x,i,O)} :

We need to show that & < 0. Let d;(x,4,0) and d;(x,0,7) be the demand levels that attain the
maximum in . From , for any z > 0 we have

— di(z +2,1,0) - Av)Mz + 2)}

(
- n-o(di(:c +1,4,0)) — di(a +1,7,0) - Av}M(z + 1)}
(

— di(z +1,1,0) - Av)Mz + 1)}

Q. — N T

— {Tz‘O dl(l‘ + 1,i,0)
+ {Tio (dl(ajvllvo)) - Z($7250) : AUZ)\(‘T)}
Since d;(z + 1,4,0) attains the maximum in (33),
. . A . . A
Ti0 (dz(m + 1,1, O)) —di(x+1,4,0) - Av)(x + 1) > 10 <di(ac,2,0)> —d;i(z,1,0) - Av) (x + 1)
and
ri0 (di(a: n 1,@,0)) ~ i 4+ 1,4,0) - Avdz + 1) > g (di(x 2,4, 0)) ~di(x 4+ 2,4,0) - AvM(a + 1),

Thus,

where the last inequality follows because Av(x) is decreasing in # and demand levels are between
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zero and one. This implies T (x,i,0) is concave in . The same analysis on T}(z,0,i) implies
Tv}(x,0,1) is concave in x as well. Finally, Tv(z, @) is concave in x because T} (z, @) = v} (z) —
A -z and v (z) is concave in z. O

Lemma and the convergence of value iteration in the proof of Proposition 5.6.2 in |Bertsekas
(2012)) imply that the differential value functions in are concave in . O
A.6 Proof of Proposition [3.4]

According to Danskin’s Theorem (Proposition 4.5.1 in Bertsekas et al. |2003), the fact that the
optimal probability distribution to @ is unique (see Proposition [B.8|), and Proposition 4.2.4 in
Bertsekas et al.| (2003), the sub-differential of V* at any A > 0 is a singleton

oV = {m — Z Z x - pi(x) : pi(z) is optimal to (H} with )\}. (34)

i=1 =0

Thus by standard optimality conditions for convex optimization (Proposition 4.7.2 in Bertsekas
et al.[2003), the dual variable \* is an optimal solution to @D if and only if

> wepi(z) <m,

=1 =0

AT >0,

¥ (m ZZCE pz(x)> =0,
i=1 =0

pi(x) is an optimal solution to @ with \*,

which we can equivalently write as ((10)).

A.7 Proof of Lemma

First, we show that A*(§) < 7/(m — §) if § < m. Since A\*(§) is an optimal solution to (LI)),
VR(S) = (m—6)- M (8) + 30, bY@ 1t then suffices to show VR(5) < 7 and h} > 0 for all spokes
i € [n] and dual variables A > 0.

First, the optimality condition of implies that is equivalent to the problem of max-
imizing the average revenue subject to the constraint that the hub has at least § resources in
expectation. Since 7 is the uniform bound on the one-period revenue functions, V*(§) < 7. Second,
h? is equal to the optimal value of @ by Proposition Let p;(0) = 1, p;(x) =0 for all x > 1,
di(z,0,7) = 0 for all z, and d;(z,i,0) = 1 for all z > 1. This provides a feasible solution to @ with
an objective value of zero, thus hf‘ > 0.

Combining the fact that \*(§) < 7/(m — §) with leads to the result.

A.8 Proof of Lemma 4.3

We prove the result by first showing that the value function of the Lagrangian policy in the relaxed
system approximately solves the Bellman equation of the original system along the path induced
by the Lagrangian policy in the original system. We then use a verification theorem to bound the
total loss between these two systems. Finally, we extend to infinite horizon settings using a value
iteration argument.
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Step 1 (approximate Bellman equation). Let v;(z,%,0), v;/(x,0,7) and v;;(z, ) denote the
value functions of the Lagrangian policy in each spoke i problem, with = resources and ¢ time
periods ahead, and the request type being (4,0), (0,1), or one of any other types, respectively. Let
vit(2) = qio - vit(x,1,0) + qoi - vig(2,0,9) + (1 — q;) - vi¢(x, @) be the average value functions over
request types. The Bellman equation for each spoke problem with the Lagrangian policy is

Ui,t@:v i, 0) =750 (dz(.%', i, 0)) + di(l', i, 0) . <vi,t_1(x — 1) — Ui,t—l(x)> =+ Uin_l(a}%
UZ‘,t(l‘, 0, ’L) = T0; (dl(.T, 0, Z)) + dl(ﬂf, 0, Z) . <’Ui7t,1($ + 1) — ’()Lt,l(.’E)) + Uiytfl(:L‘), (35)
vi(x, D) = vip—1(x),

for all € [0:m], where d;(z,,0) and d;(x,0,7) are the demand values of the Lagrangian policy.
Let Av;¢(x) = vi(z) — vi(z — 1) for = € [m] be the difference of the continuation values of two
adjacent states. Lemma shows that Av;(r) < @ are uniformly bounded from above by the
derivative bound @ as defined in Assumption 2.1}

Lemma A.10. The difference of the continuation values Av; (z) satisfies Av;(z) < @ for all spokes
i, time periods t, and resource levels x € [m], where @ is the uniform bound on the derivatives of
the one-period revenue functions as defined in Assumption |2.1].

We prove Lemma at the end of this section. Let V*(x, s) and V(x,s) denote the contin-
uation values of the Lagrangian policy in the relaxed and the original systems, with x = (z;);c[n]
being the state of resources and s being the request type. Let V;*(x) = E;[VF(x, s)] and Vi(x) =
Eg [Vt(x, s)] denote the average values over request types. The boundary conditions of the two
systems are V' (x,s) = Vp(x,s) = 0. Because we relax the capacity constraint of the hub in the
relaxed system, V;®(x) decouples over spokes with

V) = 3 viala), (36)
=1

where v; +(x) are the average value functions of spoke i as in .
The Lagrangian policy takes different actions in the two systems at the same state (x,s) only
when zo =0, s = (0,4), and x; < m — 1 for some spoke i € [n]; let

A:{(x,s):x0:0,s:(0,i),a}i§m—1,i€ [n]}

be the set of states in which the policy can take different actions. Let R(x,s) be the expected
one-period revenue in the original system at state (x,s) € X x {(,0), (0,7) : i € [n]}, i.e.,

R(x,1,0) = ry (di(ﬂ% 2 0))7

R(x,0,7) = ro; (di(agi, O,i)) : <1 _1[(x,0,) € A])‘ (37)

Moreover, let

Ru(x,s) = VR(x,5) — R(x, ) — E[v;i (&, §)’X, s} , (38)

where the expectation is taken with respect the random variable (X, §), which is the next state in
the original system under the Lagrangian policy when the current state is (x,s). This value can
be interpreted as the ex-ante compensation that needs to be given to the provider in the relaxed
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system at state (x,s) in order for her to be willing to switch from the current action to the action
in the original system.

Fix a state (x, s) of the original system. We can write the value function of the relaxed system
as follows:

Vi (x,s) =1[(x,s) € A] - Vi*(x,5) + L[(x,5) € A] - V[*(x, 5)
=1[(x,s) € Al - <R(X, s) + ]E[thil(fc, 5)‘){, 3})
+1[(x,5) € A - (R(x, s)+E [v;il(sc, 5)|x, 5] + Ru(x, s))

— R(x,s) + E[vgzl(i, 5)}x, s} +1[(x,5) € A] - Ry(x, 5),

&t

where the second equation follows from the Bellman equation for the relaxed system together with
the fact that the evolution in the relaxed and original system coincide for all states not in A and
using . We proceed by bounding the terms ;. Let z(s) be the index of the spoke involved in
type s and let n(x, s) be the resource level of spoke z(s) when the state of resources is x. We have

51&—]1[( )6«4} +(%; s)

= 1[0x.5) € 4] (170 0) - B[4 D)
AL (v

- Vit (%)
(ﬁ) 1[(x,s) € A - |r, <dz(5) (n(x, s), s)> + d. s <n(x, s), S) C AV, (g) -1 (n(x, s) + 1)}

Svﬂ[(x,s)eA}-(f+@)

where (i) follows from and the fact that R(x,s) = 0 when (x,s) € A by (37), (ii) from x = x
when (x,s) € A, (iii) from the Bellman equation of V,*(x,s), the fact that the value function
decomposes over spokes by and the transition only involves s = (0,1), (iv) from the definition
of 7 in Assumption and Lemma, Putting everything together, we obtain that the value
function for the relaxed system satisfies the following approximate Bellman equation in the original
system

VR(x,s5) < R(x,5) + E [thil(fc, g)(x, s} +1[(x,5) € A - (F+ ). (39)

Step 2 (verification). Let {x;,s:},<: be the path of states of the original system with the La-
grangian policy. By taking expectations over the states {xr, s; }r<¢ and using the boundary condi-
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tion on the value function we have

‘/t Xtast

ZV XT78T _V 1(XT 1, S7— 1)]
ZVR X7y 8r) — [V (%, S)|X7—,87—]]

ZR(XT, s | + (F+ ) Zp[(xﬂ s7) € A} (40)
T=1

=1

| 1=

(ii)
<E

t
(iii)

= Vi(xy, 8¢) + (F—l—a)) ZP[(XT, Sr) € A}
T=1

(g) V;‘,(Xtast) —+ (’F—{—a}) ip{moﬂ. = 0:| y

T=1

where the (i) follows by the tower rule for conditional expectations and using the fact that the
dynamics are Markovian, (ii) follows from over T € [t] together with linearity of expectations,
(iii) because R(xr,sr) is the expected one-period revenue in the original system at state (xr,s.),
and (iv) because A C {(x,s) : 29 = 0}.

Step 3 (value iteration). Taking an average over t time periods and letting ¢ go to infinity gives

(2)

VH(8) = lim - Vt(XtaSt)
b 1 o
< Jim ¢ (Vi) + (7 2) - 3 Flon, = 0]

Dvr5) + (7 + @) P[Xo(6) = 0],

where (a) is due to the fact that the long-run time average of the total revenue converges to the
average revenue of the policy by a value iteration argument (see Proposition 5.3.1 in Bertsekas
2012), (b) is from (40)), and (c) from the same value iteration argument and the fact that the time-
average limiting distribution converges to the stationary distribution because the Markov chain has
a single recurrent class by Corollary

Proof of Lemma[A.10. According to Proposition the demand values of the Lagrangian policy
are monotone in the resource levels of the spokes: for each spoke i and for all € [m], we have
0 <di(x,0,i) < dj(xr —1,0,7) <1 and 0 < dj(x — 1,4,0) < d;(z,i,0) < 1. By coupling the private
value of the arriving request when the number of resources is x — 1 and x respectively, we can write
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the difference of the continuation values Av;(z) in following recursive way:

Av; () = qm{ (1 —d;(x — 1,0, z)) - Aviy1(x)
n (di(x ~1,0,4) — di(z,0, i)) : ( — Goi(di(z — 1,0,2')))

+di(,0,7) - ( — Goi(di( — 1,0,4)) + Gog (di(,0,7)) + Aviy1(x + 1)) }

+ qw{ (1= di(2,,0)) - Avig1 (2)
+ (di(a:, i,0) — di(a — 1,4, 0))  Gio(d(x,7,0)) (41)
+di(z —1,i,0) - ( — Gio(di(x — 1,4,0)) + Gio (di(x,7,0)) + Aviy_1(z — 1))}
+(1-a) - Aviga (@)
= go; (rOi (i, 0,4)) — ros (di(x — 1,0,4)) + di(x, 0,7) - Aviy_1 (2 + 1))
+ gio (m (di,4,0)) — rio(ds(z — 1,4,0)) + di(z — 1,7,0) - Avyy_1(z — 1))
+ (1= qoi - dil = 1,0,4) = qio - di(,3,0) ) Ay 1 (@),

with boundary conditions Av;g(x) = 0 for all .

We prove by induction. Clearly this is true for ¢ = 0 by the boundary conditions that Av; o(x) =
0. Now suppose Av;¢—;(x) < @ for all spokes ¢ and resource levels z. We show that Av;+(x) < @.
From (41]) we have

A’Umg(.%’) < qo; (7“01' (dz(.%', 0, Z)) — T0; (dl(:v — 1,0, ’L))) + qo; - di(x, 0, Z) o)
+ qio (Tio(di(l’,i,())) — 70 (dl(a: —1,1 0))) + qio - di(:L’ — 1,1, 0) »)
+ (1 — qoi - dl(l’ — 1, O,i) — ;0 - dz({L‘, 1, 0)) - W.
To show Awv;4(z) < @, it suffices to show that
qoq (T‘gi (dz(l‘, 0, l)) — To;s (dz(.’E — 1, 0, Z))) + qi0 <’I“i0 (dz(.’E, i, O)) — T30 (dl(l‘ — 1, i, 0)))
< {qu (dl(l‘ — 1,0, Z) — di(az, 0, 1)) + ;o (dz(l’, 7, 0) — dl(:c — 1,1, O)) } - W.
This is true because the left-hand side satisfies that
CJOi(T‘Oi(di(CIJ,O,i)) — roi (di(z — 1,0,i))) + qio (Tio(di(SU,i,U)) — 7o (di(z — 171}0)))

< qoi|roi (di(z,0,%)) — roi (di(z — 1,0,0))| + gio

rio(di(z,4,0)) — rio (di(x — 1,4, 0))‘

< {qo,- (d,-(a; ~1,0,4) — d;(x, 0,i)> + g0 <di(x,i,0) —di(z— 1,4, 0))} @,
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where the last inequality is due to the mean value theorem, the monotonicity property — i.e.,
di(2,0,i) < d;j(x—1,0,4) and d;(x — 1,7,0) < d;(x,7,0) — and the fact that @ is the uniform bound
on the derivatives of the one-period revenue functions as in Assumption [2.1 ]

A.9 Proof of Lemma 4.4

Let Z;+ and x;; denote the number of resources in locations i € [0: n] at time ¢ in the relaxed and
original systems, respectively. Lemma shows that if the two systems start at the same state
and have the same sequence of requests and private values, Z;; > x;; for all spokes i € [n] and time
periods t.

Lemma A.11. If the relaxed and original systems start at the same state and have the same sequence
of requests and private values, for any time period t, T;y > x4 for all spokes i € [n] and To; < zq ;.

Proof. We prove by induction. Since the two systems start at the same state, Z;0 = x;0 for all
i € [n]. For each spoke i, first suppose Z;¢—1 = x;1—1. If request (i,0) arrives at time ¢, the
Lagrangian policy takes the same action in the two systems, hence Z;; = ;. If request (0,1%)
arrives, the Lagrangian policy takes different actions in the two systems only when the hub of the
original system runs out of resources, in which case we have Z;; > Z;;—1 = 2;4—1 = ;. Next
suppose Z;;—1 > xj—1 + 1 for spoke i. If request (i,0) arrives at time ¢, we have Z; ¢ > Z;,-1 —1 >
Tit—1 > xie. If request (0,0) arrives, & > Tijt—1 > Ti4—1 + 1 > x;4. Thus by induction, Z;; > z; ¢
for all spokes i € [n] and time periods ¢. Finally, since Y ;" jx;y = m and > ,Z;; = m, we have
Zot < xo, for all time periods ¢. O

Lemma implies that for any integer k,

]P[Xi(é) < k;] = lim ]P[:zi,t < k} < lim P[m < k] - P[Xi(é) < k;]
. P[Xo(a) < k} = lim P[xo,t < k} < lim IP’[&:OJ/ < k} - P[Xo(a) < k}

t—o00 t—o00

where the equations are because in both systems, the limiting distribution of the Markov chain
converges to the unique stationary distribution, independently of the initial state, due to Corollaries
[B.10] and The inequalities follow from Lemma when we start the two systems with the
same state and couple the sequence of requests and their private values. Note that in the proof we
only use the fact that the Lagrangian policy only depends on the state of resources through the
resource level of the spoke involved in the request type.

A.10 Proof of Proposition [4.6]

Proposition 4.6 comes from Lemma which provide a concentration inequality for a sequence
of independent random variables with discrete log-concave distributions (defined in Definition B.1])
and uniformly bounded means.

Lemma A.12. Let {Xi}?zl be a sequence of independent discrete log-concave random variables each

with mean value p; = E[XZ] If u; < c for all i < [n] are uniformly bounded from above by some
constant ¢ > 0, then for any A > 1 and letting X = > | X; and p = E[X] =Y pi, we have

}P’[XZ/\/L}SeXp{—(}\1)'u—n+uln<1—)\'u'u>}. (42)

1+¢ 1+c¢ A+ n
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We prove Lemmam A.12|at the end of this section. We can apply Lemma 2to X;(8) for i € [n]
because each X;(0) is log-concave by Proposition and X; (0) are independent because the joint
distribution is equal to the product of their marginal distributions by Corollary

Let p = E[Z;;l Xl(é)} be the expected number of resources in the spokes of the relaxed
system. We have 0 < u < m —J. Applying with A\ = % and b =

1 .
T+c gives

INA
@

)
:exp{_b.(m_ﬂ+(n+u)'ln<:l:;;>>} (43)
e (AR v )

Since Inz < 2=L for > 1, we have

Jz

m — n m m — )’ i
QS(n+u)-n+5-m—(m—u)—(m—u)( 1—m+’,j 1>S_2(.(mi)n)§_2-(ni+n)’

where the second-to-last inequality is due to v1 —x — 1 < —% for x < 1. Thus from we have

P[Xo(6) < 0] < exp< S m(in)

Proof of Lemma[A.19 We first provide an upper bound on the probability generating function of a
log-concave random variable in Lemma[A.T4] The proof is based on the classic inequality bounding
the factorial moments of a log-concave random variable, as we state in Lemma

Definition A.1 (Factorial Moment). Let p = {p;}3°, be a discrete distribution with all its support
on non-negative integers. The factorial moment of p of order r > 1 is

wp) = Zpl { (1—1) (i—r+1} sz { (1—1) (i—r—i—l)}:ipi.(iilr)!.

We set g = 1 for convenience.

Lemma A.13 (Theorem 2 in Keilson|1972)). Let p = {p;}32, be a discrete log-concave distribution
and let p,) denote its order-r factorial moment. For any r > 1 we have

1/(r+1) 1/r
Hir41] Hir] K1 .
{(r+1)!} f{v} S TR (44)

where p denotes the mean value of p. All inequalities mn hold with equalities when p s a
geometric distribution, i.e., when p; = 0(1 — 0)" for some 0 < (9 <1.
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Lemma [A.14] provides an upper bound on the probability generating function of a log-concave
random variable based on Lemma [A. T3]

Lemma A.14. Let X be a discrete log-concave random vam’able (defined in Deﬁnition and let

1= E[X] denote its mean value. We have E[2X] < m foralll1 <z<1 —|—

Proof. First, we have

0 00 i . (i e} - | 00 A .
E[ZX}:.E%]% (:Z <>2_1)](:)223‘1!'(Z_l)jzpi'(i_zj)!:Z%(Z_l)]'/;[?},
. J= i=j j=

where (i) is due to the binomial expansion that z* = [(z —1) + l]i = Z; —0 ( ) (z—1) foralli >0
and (ii) follows from switching the order of summations by Tonelli’s theorem because all terms are
non-negative. then implies that

[z ] Z,ujz—l 1#(121) O

Jj=0

We now prove Lemma The proof follows Theorem 2.1 in [Janson| (2018)), which provides a
concentration inequality for summations of independent geometric random variables using Chernoff
inequality. Their results can be easily extended to random variables with log-concave distributions,
as we present it here.

From Lemmal[A.T4] the moment generating function of each random variable X; can be bounded
from above by

1 et 1
EF“ﬂg = ,vogt<m<1+>.
L—pi(et = 1) (L+p)e™ — i

Since for all 0 < ¢ < - <In(1 + , the denominator satisfies
1+

(U p)e™ = pi > (L) - (1 =) = pig = 1= (1 + )t > 0,

we have .

e
EF&]<——————3VO<t< .
Tl (T4 )t - T+ p

1 . 1
As a result, for all 0 <t < Tre < min; T we have

n

B[er¥] = [TE[e] <o H (1= 1+ )

i=1

-1

o4



because the random variables are independent. By the Chernoff inequality, for all 0 <t < l%rc,

}P’[X > )\,u} < e MR {etX}

< exp (—t)\u—tn— zn:ln <1 -1 +Mi)t>>
1=1

(%) exp ( — A\ —tn — i 11—:_'% In (1 -1+ c)t))

i=1 ¢
:exp<—t)\u—tn—mln<1—(1+6)t)>,

where (a) is due to the fact that the function —In(1 — z) is convex on (0,1) and is 0 at = 0, thus
by Jensen’s inequality,

“In(l-2)< -ZIn(l-y),V0<z<y<L
y

By choosing ¢t = % (which is optimal here), we obtain . O

A.11 Proof of Lemma [4.§

We prove a more general result stated in Lemma that under some regularity conditions on
the function v;(5) as defined in , Assumption holds. We then show Lemma, are sufficient
for the assumptions on ~;(/3) in Lemma to hold.

Lemma A.15. Suppose that function ~;() is differentiable, and on 8 € [0,1], is strongly concave
with parameter (; > 0 and has Lipschitz continuous gradient with parameter L; > 0. Further
assume that nl; > £, nL; < L, and g0, qo; < % for all i € [n] and some positive constants £, L and

q. Then \*(9) > % for all § > 0 and some constants A >0 and Assumption u holds.

We prove Lemmal[A.T5|in Appendix[A1T.1} an overview of the key steps of the proof is as follows.
Letting p;(z) be the optimal probabilities to (6]), we can lower bound the ratio 8(z) = p;(z+1) /pi(z)
through the first-order optimality conditions of and show that these ratios are close to one for a
large number of states x if the dual variable A is sufficiently small. This implies that the expected
number of resources at every spoke grows unbounded as A goes to zero. Since the total number of
resources at the spokes with A = A\*(J) is no larger than m — 4, \*(J) cannot be too small, which
in turn implies that the spoke resources are uniformly bounded.

We now show Lemma [4.8 provides sufficient conditions for the assumptions on 7;(3) in Lemma
to hold based on the primitives of the problem, thus finished the proof.

Let dip(3) denote an optimal solution to 7;(3). We can set d;p(0) arbitrarily because it does
not affect the objective when 5 = 0. When 8 > 0, we can express dg; in terms of d;y and rewrite

as .
Yi(B) = max  qoi - T0i <ﬁ L0 diO) + 5 - gio - Tio(dio)- (45)
dioe[O,l/\%%] qo;

Since the revenue functions 7;9(d) and ro;(d) are strictly concave, d;o(5) is unique for any g > 0.
Let

01

f(B,d) ZQOi'TOi<,B‘Zﬂ'd) + B - qio - mio(d)
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be the objective of . f(B,d) is concave in d with partial derivative

3 ,d / ] /
féii) =0 qio - (7"02(/3';]02 'd) +7‘z‘o(d)>

decreasing in d. Since 2[4 *Bd ‘d o = B a0 (5;(0) + r5(0)) > 0, the optimal solution satisfies
dio(B) > 0 when g8 > 0. dzo(ﬂ) may equal to the right end-point min {1, % . %} In the following,
we study 7; () depending on whether the optimal solution is interior or one of the upper boundaries

is binding.

Case 1 We have dig(8) =1if 1 < 2. L and 2E4|

h; (5 : %) + 759(1) > 0. Since rio(d) and ro;(d) are strictly concave, there exists some 8 > 0 such

> 0, which is equivalent to 8 < % and

that r{; (@%) +7,(1) = 0 if and only if 7, (0)+7},(1) > 0. If it is the case, since 7(,;(1)+r},(1) < 0,
we must have 8 < %. Moreover, r{, (ﬁ : %) +759(1) > 0 for all 3 < 3, and thus dy(8) = 1 when
0< B < B Ifry(0) +7ip(1) <0, we set §=0. When 3 € [0, f], since djo(3) = 1, we have

Yi(B) = £(B,1) = qoi - T0i <ﬁ Zlo) + B qio - rio(1),

02

which is concave and differentiable in 3. The derivative

7(8) = @i <o (5-22) + mu))

qoq

is continuous on [0, 3] because r;o(d) and ro;(d) are twice differentiable. This implies that if 5 > 0,

(B=) = gio- <0 (8-22) +no<1>). (46)

The second-order derivative satisfies

, VB el0,8]. (47)

2 — 92 77
" q@o 7 Tu qgcU
— . — e -, _
Vi (ﬁ) quTOz(ﬁ) [q n n

Case 2 dj(B) = Z% . % if % . %

ro; (1) + rzo(q(n . %) > 0. Since r;0(d) and 70;(d) are strictly concave, there exists some 3 > 0 such

that r{,(1)+7r, (q‘” . ) = 0 if and only if 7§;(1) +7/,(0) > 0. In this case, 3 has to be larger than o

and r{, (1 )—H“ZO("O’ . ) > 0 for all 3 > 3. Thus, dzo(ﬁ) = doi. When B> B. If ry; (1) +1l(0) <0,

gio
we set 3 = oo. When 3 € [, c0), since dio(B) = Z% . B we have

= @i

Yi(B) = f(ﬂ,dio(ﬁ)) =qoi -r0i(1) + B - qio - rm(ZO; : ;)
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Hence,

qoi 1 1 goi 1
’7;(6) = gio ‘Tio(qT; : B) — = - qo; T;g(qu . f>’

and

1 q2- qoi 1
" 07 I 7
C(B) = =z - 0T -(—-—)<0.
%( ) 53 qi0 0 gio B

The first-order derivative is continuous on [3,00) because rio(d) and ro;(d) are twice differentiable.
Thus if 8 < oo,

I

qi0 /B /B ]

<0

% (B+) = qio 'WO(@ : i) 1 qoi " T (@ ' T) = qio - (Tio (%’0(5)) — din(B) -7 (dio(ﬁ))) (48)

If 3 <1, since B > %, the second-order derivative satisfies

" 1 qgi n(Q0i 1 QZTL QQU 3
—(B) = == - Wi (M ) ¢ |22 Ly g e [1). 49
WO =g (G g) € |G g | YA E B (49)
Case 3 When 3 € [3, ], dio(83) satisfies
of(B,d qi
éd)‘ddio(m =Fan: (TE” (- qTO “da(8)) + o <di°(ﬁ>>> =0
Thus,
/ g0 ' d. =
(82 d(8)) + rio (o)) = 0. (50)
From and the implicit function theorem, we have
dio(B) gio - dio(B) - r{; (B - w. dio(B3)) <0 (51)

a8 g B- g (B . dio(B)) + qoi - Ty (dio(B)) ~

thus djp(/3) is decreasing in £3.

Let us first assume 3 < oo and consider the function f (3, d) over |3, 5] x [0, 1]; since d in f(,d)
is restricted to be in [O, 1A % . %], we extend 7¢;(d) smoothly over [1,c0] making sure f(3,d)
is well-defined on the support [3, 5] x [0,1]. Note that in the extension we ensure that rg;(d) is
strongly concave and has a Lipschitz continuous gradient with the same parameters. Since the

partial derivative of f(53,d) with respect to j is

0 d i
60 _,, (cl.rgi(ﬁ-goj.d) +m<d>),

which is continuous in (3, d), by the envelope theorem, especially Corollary 4 in Milgrom and Segal
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(2002)), we have

7(B) = 8f((9% 9 |amdio(3) = i0 " <dio(5) ST (5 : ? : d¢0(5)> + 70 (@0(5)))

07

(52)
@) o - (mo (dio(ﬁ)) —dio(B) - o (di0(5)>>

on 3 € (B, B), where (i) is due to the first-order condition (p0). From and , the second-order
derivative is
2 .
o (d(8)” - rio(din(B)) - 15; (B - E2 - dio(B))
gio - B -1 (B - . dio(B)) + qoi - T (dio(8))

7' (B) <0,VB< BB, (53)

thus () is concave on [B, 8]. If 8 > 0, from Corollary 4 in [Milgrom and Segal (2002), we have

, of(B,d / i (a)
’yi(ﬁ-i-) = é’ﬁ )|d:dio(5):1 = g0 - (7"01' (5 Z()i) + Ti0(1)> =7 (é_)7

where (a) is due to ; hence ~(f) is differentiable at 3 = 3. Analogously, if B < 00, again from
Corollary 4 in Milgrom and Segal| (2002), we have

B =D s Yo <o (d(3)) = dun(3) - vl (%(5))) @ (B+)

op

where (b) is from and (c) is from ; thus () is differentiable at 8 = 3 as well. Combining
three segments together, we know ~y(3) is differentiable everywhere. Note that we assume 3 < oo
in case 3. If this is not the case, following the same argument, we can show 7;(3) is differentiable
in any bounded interval [0, M] with M > 0; thus again, v;(8) is differentiable on R.
Finally, from and the mean value theorem we have
40

70:(0) +75;(1) - B - @ ~dio(B) 4 7p(0) + o (e2) - dio(8) = 0

for some ¢; € [0, - % -dio(B)] and €2 € [0,d;o(5)]. This implies that

—74:(0) — iy (0) 70;(0) + 74, (0) q a q
d; — 07 , 10 > 0 T i0 . = > . S , 54
= ey B B S U Bata 0 Bare Y

where in the last inequality we use the facts that r;;(1) > 0, r;;(0) = 0, and r;;(1) < 74;(0) —i—'rgj (0) -

(1-0)— %@ by strong concavity of r;;(d). Thus if 8 < 1, on the interval [3,1 A /3], and
implies that the second-order derivative satisfies

B E | e v VB eB 1A (55)

From , , , the monotonicity of 7(5), and the mean value theorem on ~/(3), vi(8) is

¢;-strongly concave and has a L;-Lipschitz continuous gradient on 5 € [0, 1] with some constants ¢;
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and L; that satisfy 5t 55 Uz i (iq)z

<G <L <

[y
3 [

A.11.1 Proof of Lemma [A.15

We let E[f(z’\] be the expected number of resources in the spoke problem with A > 0. Lemma
shows that E[XZ)‘] can be arbitrarily large by choosing a sufficiently small A.

Lemma A.16. Suppose the assumptions on v;() and g;j in Lemma“ (A.15 hold. Then for any p > 0,
there exists a constant ¢(p) such that ]E[X'{\] > p for A= o) a1 spokes i € [n] and m large enough.

n ’

We prove Lemma in Appendix m Since the perturbed problem . is a convex

program in A and the Oitlmal probability distribution to each spoke problem with a given A is

unique by Prop031t10n B.8| the objective V)‘ O\ is differentiable in A with derivative w =

(m—290)— Zl €] E[X ] From Lemma there exists a constant A such that IE[X )‘] > 2m for
A= % and all ¢ € [n]. Thus, the derivative at A = ﬁ is negative and as a result A*(6) > )‘ Flnally,
since 0 < h;\*((s) < (qio + qoi) - 7 — N*(9) - E[X;(6)], we have E[X;(5)] < 7- ? for all spokes i € [n].

A.11.2 Proof of Lemma

For ease of notation, in the proof, we consider a spoke i and drop the subscript i for ~;(3) by letting
v(B) £ ~i(B); we drop the subscript i for ¢; and L; as well. By assumption, () is differentiable.
Moreover, from Lemma v(B) is strictly concave; thus, the derivative /() is strictly decreasing
and the inverse (y')~!(e) exists and strictly decreases as well. Finally, by assumption, on 3 € [0, 1]
v(B) is strongly concave with a constant £ > 0, i.e.,

l
1B) <AB) +(8)- (8= 5) — 5+ (8~ B)", V.8 € [0,1), (56)
and has a Lipschitz continuous gradient with a constant L > 0, i.e.,
V' (B) =~ (BN <L-|B=p, VBB €[0,1]. (57)

and (57) imply that ¢ < L. We first construct lower bounds on the probability ratios 5, =

P ’(z(+)1) in Lemma A.19 with p;(x) being the optimal probability distribution to the spoke problem

@ Lemmas [A.17] and [A.18| serve as preliminary results.

Lemma A.17. Let g(B,y) = (v/)~! (2(5) +4'(0) — Ay) with A > 0 and z(B) = B -7 (B) —v(B) as
in Lemma . Let §j = M and By = inf {5 >0:9(8,y) < B} Then,

1. g(B,y) is strictly increasing in B and y;
2. Bszg(ﬁ(}k, 0) =0, y>0and57_g( £ ) =1;
3. forye[0,9], 0< By <1, g(Bs,y) = B, and B} is increasing in y;

4. for BE (0,85, 9(B.y) > oyB+ (1 — )35 with oy = (1 — £) + £35.

Proof. Part 1 is because both (7/)~!(e) and z(3) are strictly decreasing and A > 0. For part 2, since
g(0,0) = 0, we have 8} = ¢g(8,0) = 0. Moreover, since v(0) = 0 and (1) < v(0)++/(0)- (1 —0) by
strict concavity of v(3), 7/(0) > (1) and hence § > 0. Finally, let §(8) £ g(8,7) = (v/)"*(v(1) +
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z(B)). We show §(1) = 1 and g(ﬁ) > (3 for all B € Ry and 8 # 1; thus 85 = g(8;,y) = 1. To see
this, first, note that g(1) = (v/)" ' (v(1) + 2(1)) = (/)" (¥/(1)) = 1. Second Slnce ~v(B) is strictly
concave, for any 8 # 1 we have

(1) <(B) +4'(B) - (1= 8) =+'(B) — 2(8).

Thus, 7' (g(8)) = (1) + 2(8) < ~/(8). Since v/(B) is strictly decreasing, we have §(8) > 3.

Part 3: we already proved this for y = 0 and y = 7 in part 2. We now show that for any
y € (0,9), 0 < B, <1and g(By,y) = 8, First, g(0,y) > ¢(0,0) =0 and g(1,y) < g(1,y) =1 from
part 1. Second, note that g(5,y) is jointly continuous in (5,y) for g € [0,1] and y € [0,y]. To see
this, since (/) has Lipschitz continuous gradient on 8 € [0, 1], v/(8) is continuous on [0, 1] and
(7/)71(e) is continuous on [y/(1),+'(0)]. The continuity of g(3,y) then follows from the definition
of z(B) and the fact that g(8,y) € [0,1] when 8 € [0,1] and y € [0,7]. Now let h(5) = g(B,y) — 5.
From above we know h(0) > 0, h(1) < 0, and h(S) is continuous on 8 € [0,1]. The intermediate
value theorem then implies the existence of a point 3; € [0, 1] that satisfies g(3;,7) = ;. Finally,
the monotonicity of 8, follows from the fact that g(3,y) is increasing in y.

Part 4: from §; = g(B;,y), we have /(8;) = 2(8;) +7'(0) — Ay. Thus,

9(8.9) = ()7 (2(8) +//(0) = M) = ()7 (2(8) — 2(8;) +7'(8)).
Since 7/(B) is strictly decreasing in 8, g(8,y) > ayB + (1 — o)} if and only if
2(8) = 2(8)) + 7/ (8;) <7/ (B + (1 - ay)B; ).
Letting h(3) = +/(8) — 2(8), above is equivalent to
V(8) =7/ (@B + (1= a,)8; ) < h(B) = h(B)). (58)

Since 7(/3) has Lipschitz continuous gradient on [0, 1] with L > 0, the left-hand side is no larger
than L(1 — ay)(B8; — ). On the other hand, the right-hand side satisfies

h(B) = h(By) = (1= B)v'(B) = (1 = B))Y(By) +v(B) —v(By)
> (1=B)'(B) — (1= By (8y) ++'(B)(B - By)
=(1=8,)('(8) =7 (By)

2 (1= B,)(By — B),

where the first inequality is from v(8) + +/'(8)(8; — B) > ~(B;) because ¥(8) is concave, and
the second inequality is from the ¢-strong concavity of «(5) on [0, 1]. Finally, holds because

€1 = B,) (B, — B) = L(1 — ay) (B, — B) by the choice of ay. O
In Lemma we provide lower and upper bounds on gy for y € [0, y].

Lemma A.18. 3 defined in Lemma satisfies the following for y € [0, 7.
L1/ 2@G—y) <B<1—/BG-y);

2. 1—4/1—- %y <Gy <1—4/1- %y, where the second inequality holds for y < %
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Proof. We first prove inequality as a preparation.

A 1 sy X\ 1
Z. <Y<l .~ Y0<BF<. 59
L 1-85 = dy — € 1-p} <8y = (59)

To see this, note that v'(3;) = 2(8;) +7'(0) — Ay from B; = g(B;,y) in Lemma part 2; thus
letting h(8) = 7/(8) — =(8), we have h(8%) = +(0) — Ay. For any 8,8+ AB € [0,

Y(B+AB) - (L=B=AB)+~(B+AB) —=+'(8)- (1= B) —~(B)
=7 (B+AB)-(1-B—-A8)—7'(B)- (1 - B) +7(B+eAp) - AB (60)

= (YB+8) =4(B) - (1= 8) + A8 (+/(5+e08) =7 (B +AB)),

h(B+ AB) — h(B)

where the second equation is because (8 + AB) = v(8) + (8 + Ap) - AB for some € € [0, 1] by
the mean value theorem. For any y,y + Ay € [0,7], let A3 = Byiay — By AP,y > 0 if and only
if Ay > 0 because 3 is increasing in y by Lemma part 3. Since h(8;) = 7'(0) — Ay for all
y € [0,y], we have

Ay = Ay + Ay) = Ay = h(By) = M(Byiay) = 1(By) — h(By + ABy). (61)

Combining and with the fact that v(53) is ¢-strongly concave and has L-Lipschitz contin-
uous gradient on [0, 1] gives

L (1-8;) +olas) <

Aﬁy* < § (1-8;) +0(a8).

Letting ABy go to zero and rearranging gives .
Part 1: since 8y < 1, from we have (1 — 6;) -dpy < % - dy. Since By is increasing in y,

integrating both 81des over [y, ] gives

185:1 * * (1_ﬁ*)2 Q)\ A B
/; (1_ﬁy)'dﬁy:2y§/y W=7 -y

Rearranging gives the lower bound. A similar analysis applied to the first inequality in yields
the upper bound.
Part 2: proof is analogous to part 1 by integrating over [0, y]. O

Now we are ready to provide lower bounds on the ratios of the optimal probabilities to @ in
Lemma |A.19

Lemma A.19. Let 31 = 0 and consider By+1 = g(By,y). Let B, = pzpag)l for x € [0:m* — 1] be

the ratio of the optimal probabilities to the spoke problem (@, with m* being the end point of the
support of pi(x) as defined in Lemma . Then,

1. By is increasing in y;

2. By < By for all integers y < y;

3. By < Br—y for all y € [1:m*] when m > 7'}\0) :

* = 7'(0)
4. m* >y —1 when m > 5.



Proof. We prove parts 1 to 3 by induction. For part 1, as a base case, let Bo = 0; it is easy to see
that 8, = g(Bo,0) = 0 satisfies the iteration. By induction, By+1 = g(ﬁy, y) > g(ﬁy Ly—1)= By
because g(3,y) is increasing in both 3 and y.

Part 2: as a base case, we have 3; = 0 < B5 = 0. Now suppose ﬂy < B, Since [ increases

in y by Lemma part 3, By < B, and thus 5y+1 = g(ﬁy, y) < 9(B;,y) = B;‘ by monotonicity of
9(8,y). ,
Part 3: when m > @, m* < m and is the unique integer satisfyin

M+ h) < 4/(0) < A(m* 4 1) + h. (62)
From the first-order optimality conditions as in Lemma we have

Y (Bmr—1) = Am* + h2,
v (Bee1) = 2(B) + Az + A}, Vo <m* — 1.

As a base case, we have By«_1 = (v) 7L (Am* + h}) > (v/) 71 (7/(0)) =0 = 31, where the inequality
follows from the facts that () decreases in 8 and Am* + h)‘ < by . In the induction
step, suppose By<—y > By. Then

Byt = (V)7 (2B ) + 4 dm* = 2g) = ()7 (2(8,) +7'(0) = M) = By,

where the inequality follows from the facts that 7/(3) decreases in 3, Am* + h < 4/(0) by ,
z(B) decreases in 8 by Lemma and Spx_y > By by assumption.

Part 4: first, note that the optimal value of the spoke problem hg\ satisfies hf‘ < hg\zo—)\E [X Z)‘] <
(1), where the second inequality follows from the facts that E[X?] > 0 and (1) is the flow

/ _ B ’ _
relaxation to h;\:o_ From we have m* > V(O)fhi —1> M —1=y-1 ]

As a final preparation to the proof of Lemma we provide two more lemmas. Lemma
bounds the gap e, = 8, — 8, from above.

Lemma A.20. For any integer y <y, the gap e, = 3, — By > 0 satisfies

A 1
1 ey <ay—1-ey-1+ By — By Say—l'ey—l‘i‘Z'Wf'

2. for any B € [0,1], let §j = inf {y>0: B, > B} and & = (1 — %) + %B, then for any integer

1<y <7, wehaveeygdy’1~61+%'1ig‘1ia'

Proof. Part 1: from Lemma part 4 we have
€y = BZ - g(By—la Yy — 1) < B; - Oéy—lléy—l - (1 - ay—l)ﬂzfl = Qy—1-€y—1+ B; - Bzfl-

Moreover, from ([59)) we have

ﬁ;—ﬂ;lz/yy (if:) s</yy1

"(0)—h) (0
0From ,m*<7()f’<7)(\) <m.

(63)

~| >
—
S
)
~| >
—

T

< %
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Part 2: since [, is increasing in y by Lemma part 3, for any integer y with 1 <y < g,

ﬁ*<ﬁi‘:ﬁ~andhenceay:(1—%) %ﬁ*<dandey<ay 1" €y— 1+%-ﬁ<d-ey 1+€ Lﬁ

We now prove the inequality by induction. First, it is trivially true with y = 1, Now suppose y < g
and the inequality holds at y — 1. We have

A1 N A1 a 1 A1 1
eySare it <@ e+ () =@ e
(1 ¢ 1-p
Lemma shows that the expected value of a discrete random variable is increasing in the
ratio of adjacent probabilities.

Lemma A.21. Consider two integer-valued random variables X; with i € {1 2} each with support

a; < x < b; and probability mass function g;(z). If a1 > ag, by > be, and gl(a‘g)l) > & 2”’6(;1 for all

aq E X S b2 — 1, then E[Xl] 2 ]E[XQ]

Proof. Tt is easy to check that gi(z')g2(z) > g2(a’)gi(x) for all 2/ > x. Thus by Section 1.C in
Shaked and Shanthikumar| (2007), X; dominates X5 in the monotone likelihood ratio order, and
this implies that X first-order stochastically dominates Xos. O

Proof of Lemma [A.16; We show in Section that for any 8 € (0,1), the distribution of the

resources in spoke ¢ with 5, = p;fm(z)l) being B, = S for 0 < x < k—1 and 8, = 0 for x > k has

mean B*(f) = Bkzlfg()ldrfﬁﬁ;;JFﬂ Moreover, limy_., B¥(8) = B®(3) £ % For any p > 0, pick

B be such that B‘X’(B) = % =2, ie., f = %. Since limg_, o0 Bk(B) = BOO(B) = 2p, there

exists an integer Ny € N such that B¥(3) > p for all k > Ny.
Select 3 € (B,1) and let A =3— 3 > 0. Let §j = 7(0) () ,g=inf{y>0:p; >B} and ¢° the

minimum integer that is at least 4. Let m > 1 /(\ ) (we Wlll specify sufficient conditions for this later)
hence m* > y—1 from Lemma“part 4. For any integer y satisfying 0 <y < y—y V1 <m*—¢°,

the ratio 8, = 2 ’p(y(:;)l) with p;(y) optimal to @ satisfies B, > Br—y > ﬁyo_l, where the first

inequality is from Lemma part 3 and the second one is because 3, is increasing in y b
lb

Lemma [A.19| part 1. Since (a): Bzo_1 = Bro_1 —€go—1, (b): Bho 4 2 B — % . 1i analogous to (63
and noting that 37 = B, (c): ego_q can be bounded from above by Lemma in terms of e; with

& defined therein satisfying & < (1 — %) + %B <1, and (d): e; = 7 — By = By <1—4/1— % by
the upper bound in Lemma [A.1§ part 2, we have

By > Byo_1>5— % 1~—<1— 1—2A>—A‘ LoD vo<y<y--1

1-p

Since the right-hand side of above converges to 3 when A\ diminishes and recall that ¢ > %, there
exists a constant ¢; > 0 such that when A < %, By > B — A = B forall 0 <y <y — go — 1.
Moreover, since §j — y > % (11— 5)2 from Lemma part 1, there exists a constant co > 0 such
that § — §° > Ny when A < £,

Combining everything together since the mean value E [X ’\] increases in 3, = 2 pie+l)

pi(z)
we have E[X}] > BN (8) > p when A = £ with ¢ = mln{cl, c2}. To ensure that m > 1 (0),

note that since +/(0) < g0 - (F + @) by Lemma and gio < 4, it suffices to set m > £ (TJW)

by Lemma
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A.12 Proof of Theorem

The proof is analogous to the proof of Theorem H First, the same sensitivity analysis for V*(4)
in Section implies that Lemma [4.2] still holds, i.e.,

VR(S) < VR(0) = VR < VR(8) 4 7 - % (64)

Second, we can bound V?(§) — V™ (8) from above in a similar manner as in Lemma[4.3] Specifically,
the same argument in Lemma implies that the difference of the continuation values Awv; ;(x) for
each spoke is still bounded from above by the derivative bound @ in Assumption [2.1] This implies
that every time the Lagrangian policy differs in the two systems, the difference in continuation
values is at most 7 + @ if the request is from a hub to a spoke; if the request is between hubs, the
difference in continuation values is at most 7.

Since the Lagrangian policy takes different actions in the relaxed and original systems at the
same state (x,s) only when z; = 0 and hub j is the originating location for some j € [J], following
the same proof of Lemma [4.3] we have

V) = V(8 < (F+@) - Y 4 P|X;(6) = 0], (65)
j€lJ]
where ¢; = que[n] qji + Zj’e[J q;j is the probability that hub j is the originating location of the
request. Combining and gives the desired result.

B Additional Results

Lemma B.1 (Lagrangian Policy in the Spoke Problem). For each spoke problem and using the La-
grangian policy, we have

1. Set I; is the single positive recurrent class and the chain is aperiodic;

2. pi(x) is the unique stationary distribution;

3. Set I; takes the form of I; = [0 : H;] for some non-negative integer 0 < H; < m;
4. The Lagrangian policy is optimal to each spoke problem.

Proof. We prove Lemma through a sequence of properties. We say a set of states is closed if
the state remains in the set when started at a state in the set. Proposition [B.2] shows the set I; is
closed with the Lagrangian policy.

Proposition B.2. Set I; is closed with the Lagrangian policy.

Proof. Suppose not. Without loss of generality we assume x € I; and z +1 € I¢ but d;(z,0,4) > 0.
From the balance constraint in (6) we have p;(z + 1) - gio - di(z + 1,,0) = p;() - qo; - di(z,0,1) > 0.
This implies p;(x + 1) > 0 and a contradiction. O

Proposition B.3. p;(x) is a stationary distribution with the Lagrangian policy.

Proof. This is a direct result from the balance constraint in @:

pi(z) - qoi - di(2,0,7) = pi(z +1) - qio - di(x + 1,4,0), Vx € [0:m — 1]. O
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Proposition [B:3] implies all states in I; are positive recurrent.
Corollary B.4. All states x € I; are positive recurrent.

Proof. Since p;(z) is a stationary distribution from Proposition and p;(z) > 0 for all states
x € I;, states x € I; are recurrent according to Theorem 6.5.4 in [Durrett| (2010). Moreover, each
state x € I; is positive recurrent because the set I; is finite. ]

Proposition B.5. States x € I are transient.

Proof. This is due to Proposition and the construction of the Lagrangian policy for states
outside the set I;. ]

Proposition B.6. Set I; is irreducible.

Proof. Suppose not. Since all states in set I; are positive recurrent (Corollary, I; must contain
at least two recurrent classes. Let C' C I; be a recurrent class and a strict subset of I;. Without loss
of generality, we assume state z € C' whereas state t—1 € I;\ C lies in another recurrent class. Since
states z — 1 and = do not reach each other, we must have d;(z—1,0,7) = d;(x,4,0) = 0. However, by
the complementary slackness properties —, we have d;(x — 1,0,7) = argmaxde[()’l]{mi(d) +
d- (v}z) — v}z — 1))} and di(z,4,0) = argmaxde[oyl]{mo(d) +d- (vMz —1) —v})))} with
v (z) being the average differential value functions in . Since the maximum points dj; =
argmax o 1)70i(d) and dj, = argmaxgep 1rio(d) are unique and strictly positive by Assumption
either d;(x — 1,0,7) > dg; > 0 or d;(x,1,0) > d}; > 0; thus a contradiction. O

Proposition B.7. The Markov chain is aperiodic.

Proof. The chain stays at the current state in every time period when the request type is neither
(,0) nor (0,4), with probability 1 —¢; > 0. O

From Corollary and Propositions and set I; is the single positive recurrent class
and all states outside I; are transient. As a result, p;(x) is the unique stationary distribution. Since
I; is irreducible by Proposition and every transition can only increase or decrease the current
state by one, I; must take the form of I; = [L; : H;] which incorporates a sequence of consecutive
integers. We now show L; = 0. If A > 0 but L; > 0, shifting the probabilities and controls to the
left by L; with p;(x) = ps(z+ L;), di(z,i,0) = di(x+ L, i,0) and d;(x,0,i) = di(z+ L;, 0, ) yields a
feasible solution to @ with a strictly better objective value, thus a contradiction. If A = 0, Lemma
implies that I; = [0: m], i.e., the optimal distribution spans the whole range.

Finally, since the Markov chain has a single positive recurrent class and p;(x) is the unique
stationary distribution, the average revenue of the Lagrangian policy does not depend on the initial
state and can be expressed as the objective of @ The strong duality in Proposition implies
that the average revenue of the Lagrangian policy is equal to the optimal average revenue hf‘, hence
the Lagrangian policy is optimal to the spoke problem.

O

Proposition B.8. The stationary distribution p;(x) that is optimal to (@ 1S UNIqUeE.

Proof. Suppose not. Let distribution pf(x) together with controls df(z,4,0) and d¢(z,0,7) and
distribution p?(x) together with controls d?(z,4,0) and d%(z,0,4) be two optimal solutions to
p¢(z) and p?(x) are not identical and we denote their supports by [0: H?] and [0: H], respectively.
Without loss of generality, let df(z,7,0) = df(x,0,7) = 0 for all states x with p{(x) = 0, and
d®(w,i,0) = d?(z,0,i) = 0 for all states = with p?(z) = 0.

65



We first show that there exists a state z such that p¢(x),p’(z) > 0 and either d?(z,4,0) #
d?(z,4,0) or df(z,0,i) # d?(z,0,4). To see this, note that if H # H?, taking = min { H?, H?},
we have p¢(z), p?(z) > 0 and d%(x,0,4) # d?(z,0,i). Otherwise if H* = H?, since the distributions
p¢(z) and pl(z) are not identical and both of them sum up to one, there must exist a state

x € [0: H? —1] such that the ratios pigx(;r)l) and pi(,i;)l) are not equal. Since p$(z) - qo; - df(x,0,7) =

pi(x+1)-qo-d}(x+1,i,0) and p?(w) - qo; 'df(:v, 0,i) = pé’(a:%— 1) - qio - df(z +1,4,0), we have either
d%(x,0,1) # d°(z,0,i) or d*(z + 1,i,0) # d°(z + 1,1, 0).
For any o, a2 > 0 with a1 +ag = 1, let p;i(z) = a3 -pf(w)—i—ag-pg’(w) for all states z, d;(z,,0) =

AP o, ,0) + 25D dl(x,q,0) and di(z,0,7) = T g0 (z,0,d) + 22O (2,0,4) for
all states = with p;(z) > 0, and d;(x,4,0) = d;(x,0,7) = 0 for all states z with p;(z) = 0. It is easy
to see that p;(z), d;(x,4,0) and d;(z,0,17) are feasible to (@ Moreover, since the revenue functions
ri0(d) and rp;(d) are strictly concave by Assumption due to Jensen’s inequality, the objective
value with p;(x) and controls d;(z,4,0) and d;(z,0,7) is strictly larger than the objective values
with the probability distributions p¢(z) and p?(x). This violates the optimality of p?(z) and p?(x)
and thus a contradiction. d

Proposition shows that the stationary distribution for each spoke is (discrete) log-concave.

Definition B.1 (Discrete Log-concavity, c.f., [Keilson and Gerber||1971, Keilson||1972). A discrete
probability distribution p = {p;}°, with all its support on non-negative integers is discrete log-
concave (or simply log-concave) if (i) its support I, = {i > 0:p; > 0} is a sequence of consecutive
integers, i.e., for all 0 < ny < n < no, if ny,ng € Ip, then n € Iy; and (i) p? > pi—1 - pit1 for all
7> 1.

Proposition B.9. For each spoke i € [n], the stationary distribution p;(x) solved from (@ is discrete
log-concave.

Proof. From Lemma the support of p;(x) is I; = [0: H;] that is a sequence of consecutive
integers. Secondly, from the flow balance constraint in @

pz(x) *qog d,-(ac,O,z‘) = pi(x + 1) - qi0 - dz(l' + 1,i,0), Ve [0 m — 1],
we have
(pi(x))? - di2,4,0) - di(,0,8) = pi(x — 1) - pi(w + 1) - di (2 + 1,,0) - di(x — 1,0,4)

for all x € [1 : m—1]. Since the demand level d;(x,0,17) is decreasing in x and d;(z, 7, 0) is increasing
in z for x € I; by Proposition and the support of p;(z) is a sequence of consecutive integers, we
have (pz(x))Q >pi(x—1)-pi(zx+1) foral z € [l:m—1]. O

Corollary shows that the Lagrangian policy in the Lagrangian relaxation has a unique
stationary distribution, which factors across spokes.

Corollary B.10 (Lagrangian Policy in the Relaxation). The Lagrangian policy is optimal to the La-
grangian relazation. Moreover, let the system state be the resource levels x € X. Using the La-
grangian policy, the following hold:

1. The set [[;—, Ii is a positive recurrent class and is aperiodic, and all states outside the set

[, Li are transient; and
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2. q(x) = [Ii, pi(xi) is the unique stationary distribution.

Proof. Since the Lagrangian relaxation decomposes over spokes and the Lagrangian policy is opti-
mal to each spoke problem, the Lagrangian policy is optimal to the Lagrangian relaxation as well.
From Lemma it is easy to see that the set [, I; is positive recurrent and all states outside
[[;-, I are transient. To show the aperiodicity, let x € X be a boundary state of the set [, L
Without loss of generality we assume x € [[;"; I; whereas x+e; ¢ [[i_; I; for some spoke ¢’ € [n].
State x stays unchanged when a request (0,4") arrives, which occurs with probability go;; > 0. Thus
the chain is aperiodic.

Since the Markov chain has a single positive recurrent class [[7_; I;, the stationary distribution
is unique. ¢(x) is the stationary distribution if and only if >~ .3 ¢(x) =1 and for all x € X,

q(x) - Z [Qz‘o - d; (4,1,0) + qo; - di(%’,O,i)} = Z {]1[9% > 1] - q(x — €;) - qoi - di(w; — 1707i)}

i€ln) i€[n]

+ Z{ J:lgm—l] -q(x—l—ei)-qio-di(xi+1,i,0)}.
i€[n]

(66)

It is easy to see that ¢(x) =[]}, pi(z;) satisfies because of the flow balance constraint in @
Thus, ¢(x) =[]}, pi(z;) is the unique stationary distribution in the Lagrangian relaxation. O

Corollary shows that using the Lagrangian policy in the original problem also leads to a
unichain policy; the proof is analogous to proof of Corollary

Corollary B.11 (Lagrangian Policy in the Original Problem). Let the system state be the resource
levels x € X. Using the Lagrangian policy, the set [[i_, I; N X is the single positive recurrent class
and is aperiodic, and all states outside the set [[;—, I; N X are transient.

Proposition formalizes the decomposition across spokes and hubs for general networks.

Proposition B.12. The Lagrangian relazation bound VMY described in Section decomposes
over spokes with

n
P = SRS gl
i=1 3,3 €l]
where gfj, = maxge|o,1] {rjj/(d) +d- (,uj/ — Mj)} denotes the average revenue earned from a hub-to-

hub request (j,7') as in , and h;\’“"/ denotes the average revenue of an optimal policy to each
spoke i problem, which is equal to the optimal value of (@)

m 7
32"”%%8}} gpi(m)-{; {Qij-rij(di(x,i,j)) +qg‘i.rjz‘<d (7, )] an 7”“( x,z,z))}

di(z,,i")€[0,1],
di(

Zj;gg?’“’ + Exzopz‘(x) : (Vii’ @iy - di@,1,7)) — v - g - di(, 7 l))
+ Zﬂg sz (ng di(x,i,5) — gji - di(majai)> — Ay wepi(a)
=0
s.t. Z pilz) =1, (67)
=0

67

i



J
pi(x)'<2qﬂ i(w, 4, +Zq”- z, i 1))

j=1 i'=1

J
—pi(x—i-l)-(ZqJ di(x +1,4,7) —I-un' x—i—lzz)),VmE[O:m—l],
d

Proof. To simplify the notation, in the proof we suppress the superscript A, g, v throughout that
specifies the specific dual variables to use in the Lagrangian relaxation.

Since we assume the network topology is strongly connected, the Lagrangian relaxation bound
V does not depend on the initial state of the system by the same argument as in Proposition
Moreover, since we relax the capacity constraint of each hub, we can express V as

V=m\A+h+ Z q;5 - 954,
33" €lJ]

where g;;; = maxge(o ] {rjj(d) +d- (uj — pj)} denotes the average revenue from a hub-to-hub
request (4, j), and h denotes the average revenue of an optimal control to requests that involve any
of the spokes. Furthermore, h and some differential value functions v(xs, 1, j), v(Xs, J, ), v(Xs,?,7’)
and v(xsg, j, ') satisfy the following Bellman equation

h+v(xs,i,7) = der[guli/)\(x'] {rij(d) +d- (v(xS —e;) —u(xg) + Mj)} +o(xg) — A+ Z i,

Vie [n],j € [J],

h 4 v(xs, j,1) = ep B {?”ji(d) +d- <’U(Xs + ;) — v(xg) — Mj)} +v(xg) — A g{;} z;,

vie[n)jelJ]
h+ U(XS, i, Zl) = max Tii’(d) +d- <1)(XS —e€ +ay- ei/) + Vi —a - Vii’)

de[0,1Az;)]
a1,a2€{0,IAN(m—xz;)}

+(1—-4d)- (U(XS—FCLQ'@Z‘/) —GQ-I/Z'Z'/> - A Zwi, Vi€ [n],i" € [n]\ {i},

i€[n]

(68)

h+v(xs,7,7") = v(xg) — A~ sz,ijeJ]
i€[n]

for all xg € [0:m]", where v(xs) = Es[v(xs,s)] denotes the average differential value function
over request types, and the binary variables a1 and ao in the third equation denote the decision of
adding one resource in the destination when a spoke-to-spoke request (i,4’) arrives, and the request
is fulfilled or not, respectively.

It is easy to verify that the average revenue h and the differential value functions decompose
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over spokes with

h:Zhi,

1€[n]
U(XS7i7j) - U@'(J;i,i,j) + Z’Uk(fﬁk,@),
U(xSmjvi) :Ui(l'i,j,i) +ka(xk)®)a (69)
.o .o ..
U(XS7Z7Z ) = Ui(l'i,l,l ) + vi’(‘ri’ulal ) + Z Uk(%k,@),

ki il

v(xs,5,5") = Y vrlzr, @),

k€(n]

where h; denotes the average revenue of an optimal policy to each spoke ¢ problem, and the
differential value functions v;(z,1,7), vi(z, j,1), vi(x,i,1"), v;(x,,i) and v;(x, ) correspond to the
state with  resources in spoke ¢ and the request type being (i,75), (j,4), (i,4'), (¢',i), or one of
any other types, respectively. Moreover, h; and the differential value functions satisfy the following
Bellman equation

hi +vi(x,i,5) = del[%%}/i\x] {rij(d) +d- (vl(:v —1) —vi(z) + ,uj)} +vi(z) —X-x, VjelJ],

hi +vi(z, j, i) = de[O,rlI/l\E(ifz—x)} {Tji(d) +d- (Ui(ﬂf +1) —vi(x) — Mj)} +vi(x) = Az, Vjel|J],

hi + iz, i,1') = A {Tii’(d) +d- (Uz'(l“ —1) —vi(z) + Vu‘f)} +i(z) = Az, Vi€ [n]\ {i},

hi + vi(z,i',i) = max {vi(x—i—a)—a-yi/i} — Xz, Vi' € n]\ {i},
ac{0,IA(m—z)}
hi + vi(z, @) = vi(z) — A~ x,
(70)

for all z € [0:m] and each spoke i, with v;(z) being the average differential value function over
request types. Here we only verify the decomposition of v(xg,14,4") that involves a spoke-to-spoke
request (4,4"). Suppose the average revenues and differential value functions decompose over spokes
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by and holds. The right-hand side of the third equation in is equal to

max ri(d) +d - (vi(ﬂci — 1) 4+ vi(zy +a1) + v —ay - Vu")
de0,1Ax;)
a1,a2€{0,IN(m—z;)}

ki i€[n]
= ) (Do) )

+{d—d)- (”"(‘”) T a0 N,y Vi (B T a2) — a2 V) * k; k) =4 iez[;l] "
@) max vp(xy +a1) —a- vy

ae{0,IN(m—z;)}

+ max r(d) +d- (Ui(xi - 1)+ vy — Ui(%’)) Foim) + > vp(ak) =A@
def0,1na] kit icln)

=3 hi+vilw i, i)+ op (e, i,1) + Y ok(k, @)

icn] kAl
= h+v(xs,4,7).

Note that (i) implies that although the provider can make the decision of adding one resource in
the destination after knowing the outcome of the fulfillment, it loses nothing if she instead makes
the decision before the outcome, by comparing the cost v;;; and the marginal value of having one
more resource in the destination. Thus we can make the decisions at the origin and destination
independently.

Finally, following the same argument as in Proposition h; is equal to the optimal value of
, which is the dual formulation of the spoke problem. O

For an arbitrary network, we can divide the locations into hubs and spokes and consider the
Lagrangian relaxation bound and policy in Section [6.2] Proposition [6.2] shows that the Lagrangian
relaxation provides tighter bounds than the fluid relaxation bound VF. We provide the proof here.

Proof of Proposition[6.4 The optimality condition of min,, , VA=0.Y implies that it is equivalent
to , the problem of maximizing the average revenue subject to the constraints that the in-flow
and out-flow of each hub j is balanced in expectation, and the out-flow of spoke i through requests
(i,7") is equal to the in-flow of spoke ' through requests (i,i") for each spoke-to-spoke connection

(i,i").
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m

di( .
d(e e, =1 20 =1
di(z,i,")€l0,1], n m n
di(xvilvi)e[ovlL . . T
d,;1€[0,1], +ZZPZ(~’C) Zq”’ rﬂ’( (w,4,7') )""ZZ‘M’ 7y (djjr)
pi(z)>0 i=1 =0 /=1 j=1j4'=1
m
s.t. Zpl(m) =1, Vie|n],

Z%ZPZ xZ]+EqJJ 3’5
—Z%sz i(x,7,1) +Zq]j djj, ¥ jelJ], (71)
(Zqﬂ' .%'], +Z%z' 371 Z>:
J
(qu x‘i‘lZ]—‘qu”- $+1Zl)>

=1
VxE[O'm—l}, [n],
sz (w,i,1) = qir - Zpl dy(z,i,i"), Vi,i' € [n],
di(sz,]),di(O,z,z ),di(m,jjz),di(m,z i) =0, Vie[n],jel[J],i €n]
For any optimal solution to (71)), let d;j = > 7" pi(x) - di(x,4,7), dji = > oo pi(x) - di(z,j,i) and

diiv = Y wr o Pi(z) - di(z,1,7") denote the average demand values. We show these demand values plus
d;j are feasible to the fluid relaxation. First, by the second constraint in we have

Z%]dm + Z qj'j - ] j = ZQJ’Ld]’L + Z q;j4' - d]] , VJjE [J]’ (72)

which implies that the flow at each hub is balanced. Second, summing both sides of the third
constraint over « € [0:m — 1] plus the fourth and last constraints gives

ZQJZ d]z"‘Zsz' i’ ZQz]d1]+ZQu ) u,ViG[n], (73)

which implies that the flow at each spoke is balanced as well. Thus from and , the demand
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values d;j;, dj;, d;i» and d;; are feasible to the fluid relaxation. Finally, by Jensen’s inequality

n J n on J J
4= (Qij -1ij(diz) + gji - sz‘(%‘i)) F N i (i) + > Y g (i)

i=1 j=1 i=14¢=1 Jj=1j=1
> min VA=0#Y
T8
Ul

In the case with general relocation times, Proposition further relax the spoke problem to
provide a tractable upper bound.

Proposition B.13. With general relocation times, the Lagrangian relazation bound VMY decom-
poses over spokes as

n
Pt SR S g
i=1 3.3"€lJ]
where gz., = maxge|o,1] {rjj/(d) +d- (,uj/ — 1 —/\'ATjj/)} denotes the average revenue earned from a

hub-to-hub request (j,j') and h;\’“’u denotes the average revenue of an optimal policy to each spoke

A,V

t problem. Moreover, h; is no larger than ﬁl which is the optimal value of .

m J
i(x) - qij - | i\ diz, 4, 5 i — AT ) - di(x, 0,5
dz(%:gglg[o . xz:();p () 4 [7"]< (z,1 ])) + (Nj TJ) (1 ])]
d;(x,5,1)€[0,1], J

12.%12,)6[071],

d m J
S S SO IR [rﬁ (iajii)) = - dil 5, z‘)]

=0 j=1
m
+ Z sz(x) it [Tu" (di(%i,i/)) + vy - di(z, ivi/):|
=0 i'#1
m m
_Zzpi(x)'%”i'yi’ (w,4',1) <2pz >'Qii'7“fi—)\'zx‘l)i($)
2=0 i/ i 2=0

s.t. sz(m) =1, (74)
{Zqﬂ- (€, 4,8) + > qwi - di(w, 7 Z)}

vy
J
:pi($+1)'{quj di(x+1,i,7) —I—an- (x +1, zz)},V:L‘G[O:m—l],
7j=1 e
di(m, j,i) =0, ¥ j € [J],

Proof. The decomposition is analogous to Proposition Note that compared to Proposition
the extra term A - A7;; in gz., comes from the fact that the relocation (j, j') takes A - 7;;
periods on average (this is because requests follow a Possion process of rate A that is independent
of the relocation times) and each period incurs a penalty A.
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We now show the average revenue hf"“ ¥ of the spoke problem is no larger than hi. To see this,
we first set the binding condition of the spoke problem to be the sum of resources in the spoke
and transiting to it is no larger than m; then the resources that are moving out of the spoke are
irrelevant. We then allow that the resources that are moving to the spoke can be instantaneously
available at the spoke. Because a resource incurs a penalty A per period no matter it is in the
spoke or moving to it, it is always better to keep the resources at the spoke as this increases the
opportunity to serve the requests; this yields . We conjecture that the relaxation works well
when incoming relocation times are not long.

The Lagrangian relaxation with the optimal dual variable corresponds to maximizing the average
revenue subject to the sum of resources that are in the spokes and transiting to the hubs no larger
than m in expectation. ]

C More Discussions on the Lagrangian Dual Problem
Recall that the Lagrangian dual problem @ is

VR = min V?,
A>0

which is a convex optimization problem. According to and , V% is equal to the optimal

value of .

n
min ~ mA + Z h
i=1

A>0,h2,
vi)‘(a:,i,O),
vi)‘(x,(],i),
v?‘(:c,@)
s.t. h;\+v{\ z,1,0) > max {m d)+d- (’UZ)‘ z—1 —v{\ x )} —i—vi)‘ T)— Az,
(@.i.0)> max {ro(d) (o =1) = }@) b +v}) )

Vo <m,ic¢€[n],

A ) ) > , (o — AMg)—\-
hi + v (x,0,1) > de[07rlr/1\e(mi<n_x)] {Tol(d) +d (vl (x4+1)—v; (m))} + v (x) — Az,

Vo <m,ic€[n],
B} + oMz, @) > vMz) = Az, V& <m,i e [n].
Analogous to Proposition VR is the optimal value of as well, which is maximizing the

average revenue subject to the constraint that the expected number of resources in the hub is
non-negative.

n m
di(x,%é)i’é([o,l], Z Zpl(l') |:q’LO * T30 (dl(l‘, i, 0)) + qQoi * T0i (d@($, 0’ ’L)):|

di(z,0,0)€f0,1], =0 2=0
pi(x)>0

s.t. Z Z z - pi(x) < m, (76)

i=1 =0

> pilx) =1, Vi€ [n,
x=0
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pi(2) - qoi - di(2,0,1) = pi(x +1) - gio - di(x + 1,4,0), Vz € [0:m — 1], Vi € [n],
d;(0,7,0) = 0, Vi € [n],
di(m,0,7) =0, Vi € [n].

Finally, we can solve @D efficiently using a cutting plane method (Section 8.3 of Bertsekas et al.
2003)) with sub-gradients given in ([34)).

D Optimal Static Pricing in the Large Network Regime

In this section, we use the same Lagrangian method to derive a performance bound for any static
policy and characterize the optimal static policy in the large network limit. When we focus on
static pricing policies and relax the capacity constraint y ;- x; < m with a dual variable A\ > 0,
the problem again decomposes over spokes and for any A > 0, we have an upper bound V5% on
the performance of any static policy. Let h}(\) denote the performance of the spoke problem. We
have VS* = mA + 31" | h$()), and

do;€[0,1],
dioe[oal})
pi(x)>0

m
s.t. sz(x) =1,
=0

pi(x) - qoi - doi = pi(x + 1) - gio - dip, Vx € [0:m —1].

h}(X\) = max Zpl(x) : {Ch'o : Tio(dio) Lz > 0] + qo; - TOi(dOi) Az < m]} -\ Zx -pi(x)
=0 =0

(77)
Note that we restrict to static pricing in the spoke problem .

We can solve the best possible bound V5" = miny>g V52X and compute a static policy 75(6)
from a perturbed problem VS®(§) = miny>o V5* — 6. Let V3(3) denote the performance of policy
75(0) in the original problem. Analogous to Section {4} Theorem shows that 7%(d) converges to
the optimal static policy in the large network regime with a proper choice of 9.

Theorem D.1. The average revenue VS(8) of the static pricing policy 75(5) satisfies
)

0< V3 —V3(8) < (F+w)-P[Xo(6) =0] +7- P

where P[Xo(é) = O] is the stationary probability that the hub runs out of resources in the original
problem under the policy 7°(5). Moreover, if there exist some constants ¢ > 0, B € (", 1) and

m+n’
€ > 0 such that g9, qo; < % and (1 —ﬁ)2 - min;<y, 'yl’(é) > % then

P[Xow)SO}Sexp( b 52)

_§.m+n

'Since the functions v;(8) are concave, if v;(3) are continuously differentiable, this is equivalent to requiring

min;<p ’Y:(mﬁn) > = (%”)2 for some € > 0.
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for some constant b > 0 when m and n grow at the same rate. Thus,

VSR _VS(5) < 0( m)

n

if we setéz\/%-(m+n)-lnn.

D.1 Proof of Theorem [D.1

We first rewrite the spoke problem . An optimal solution to satisfies d;g, dp; > 0, and we
let 8 = (10"'7303. By the flow balance constraint in |j we have p;(z + 1) = - pi(x), and hence

pi(z) = B* - pi(0), Vx € [m]. (78)

Since these probabilities sum up to one, we have

o (1o85 ) ] mm i8=1 79
pi(0) = +;ﬁ - l_lﬁfifﬂ otherwise. (79)

The first part of the objective of () can be written as

mz_:lpz(x) : [QOi -70i (doi) + B - gio - Tio (dio)] = (1 - pz(m)) : |:QO1' -roi(doi) + B+ qio - rio (dio) | -
2=0

As a result, we can rewrite h$(\) as

hE(N) = max A™(8) - (8) = - B"(8), (50)
where
m B B mo e P if p=1,
A™(B) =1 —=pi(m) =1—=3"-p;(0) = {11_;53;%““ otherwise,
and

m m m ifB=1,
B™(B) =Y a-pi(x) = pi(0) - Y _ap” = {B’”*Qm—(l—%m)ﬁm“w
=0

=) (A=p"FT) otherwise.

z=1

We first provide some useful properties for A™(5) and B™(f3).
Lemma D.2 (Monotonicity). B™ () is strictly increasing in 3 > 0.

Proof. For any 1 < f2 and i € {1,2}, let Z; be a discrete random variable with support [0:m] and
density function g;(-) specified by and using a parameter 5;. Since for any 0 < z < y < m,
gig; =By < Byt = g;g;, Zy dominates Z; in the monotone likelihood ratio order (see Section
1.C of |Shaked and Shanthikumar|2007). Hence, Z; first-order stochastically dominates Z; and as a
result, B"(52) = E[Z2] > E[Z1] = B™(51); the strict inequality is because Z; and Zs have distinct
density functions (see Theorem 1.A.8 of |[Shaked and Shanthikumar [2007]). O

1 ifo<p<il
Lemma D.3 (Uniform convergence of A™(/3) and B™(f3)). Let A*(B) = {1 0sps

1ogfgsq o

75



% ifo<pg<1

. Th
o iff>1 e

B>(8) = {

1. 0 < A>®(B) — A™(B) < #H for all B > 0;
2. 0< BX(8) — B™(B) < T for all € [0,1), and limy o B™(8) = 00 for all f > 1.
Proof. To see the first part, note that if 5 < 1, we have

m _ am+1 m 1

If =1, A%(8) — A™(B) =1 — ;27 = =5 If f> 1, we have

g-1 1 _ 1
B-(prit=1) YL T mA 1

0<A®(B) - A™(B) =

For the second part, if 5 < 1, we have

(m+1)~6m+1 - (m_|_1> ,Berl

0 < B*(8)—B™(B) = gt = 1-5

If 5 > 1, it is easy to see that lim,, .o, B™ () = co. O

Lemma D.4 (Derivatives of A™(3) and B™(f3)). The derivatives of A™(3) and B™(B) satisfy

1. 0> %Am(ﬁ) > —mpB™ L for all 3 €[0,1); and
2. 0< £EB™(B) < £B¥(8) = ﬁ for all B € [0,1).

Proof. For the first part, note that for any 8 € [0,1) we have

Aan) = s (08— ).
Since 1 =™ =(1-p8)-(1+B+---+ ™) and
(m+1)8— g™ —m == [(1= ) -m+ ™ = g] = ~(1= ) (m—f— 52— = B")
=—(1= )% (m+ (= 1)+ (m—2)8+ -+ "),
we have
a oy (=g -2+ g .
02 A" (B) =—p""" A5+ 15 2 —mpm,

where the last inequality is because

mA+(m—1)f+(m—2) 4+ " <m-(L+ B+ + ") <m-(L+ B+ + ")
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For the second part, since B> (3) — B"™(f3) = %, we have

d d (m+1)28™
—B*(B) — —=B"(p) = —2—+= >0.
Thus,
d d 1
0<—B"(B) < ——=B*B) = +—73,
dp ) dp (6) (1-p)
where the first inequality is because B™(f) is increasing in 8 by Lemma O

D.1.1 Proof of Part One

Let A\(0) denote an optimal solution to the perturbed problem V®%(§), d;o and do; an optimal
solution to the spoke problem h$(A(0)), and 8; = %. Let random variables X;(¢) and X;(0)
denote the number of resources in location ¢ € [0 : n] under the stationary distributions of policy
7°(d) in the original and the relaxed systems{ﬂ7 respectively. Then,

n

VE3(9) = Z {Qio P[X;i(6) > 1] - rio(dio) + qoi - P[X0(0) > 1] 'TOi(dm)}
=1
= Z {CIOi P[X0(0) > 1] - f;; -ri0(dio) + qoi - P[X0(0) > 1] 'TOi(dOi)}
i=1 v

- (81)
= Z]P’[Xo(5) >1] - {QOi -10i(doi) + Bi - gio - TiO(diO)}
i—1

n

=P[Xo(d) > 1] - ) _%(B),

=1

where the second equality is from the flow balance equation qg; - P[Xo(6) > 1] - do; = qio - P[X;(0) >
1] - d;o, and the last equality is because d;p and dp; are optimal to ;(f5;).

On the other hand, analogous to Section V5R(9) is equal to the performance of 7°(4) in
the relaxed system, thus

VER6) =D AT (B)w(B:) <D wilBi)- (82)
i=1 i=1
Combining and implies
VER(E) = VE(0) < (1-P[Xo(6) 2 1]) - Y %(8) SP[Xo(0) = 0] - (F+ @) Y aos,  (83)
=1 =1

where the last inequality is due to Lemma Finally, analogous to Lemma |4.2] we have

VER(§) < VSR S VSR(G) 47 - d : (84)

m—90

12YWe consider the same relaxed system as in Section
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From and we have

VSR _ VS((S) _ (VS,R _ VS,R(5)> + (VS,R((&)‘) _ VS(5)) <(F+m)- [[D[XO((S) = 0] + 7.
which is analogous to Theorem |4.1

D.1.2 Proof of Part Two
From Corollary [£.5 we have

P[Xo(8) = 0] < P[Xo(6) < 0] = P[ng(a) > m}.

Since X’i(é) are truncated geometric random variables with success probability 1 — B; and end point
m, they are log-concave. If E[X;(6)] < ¢ for some constant ¢ > 0 and all i € [n], from Proposition

and Corollary we have

with b = %ﬁ Moreover, if we choose § = /™™ - Inn, then V= — V3(§) < O(\/lnT”) when m and

n grow at the same rate. We now show that under the additional assumptions regarding ¢;; and
vi(B), we can find such a constant c.

Let B"(\) denote an optimal solution to the spoke problem AZ(\) with some A > 0. Lemma
shows that " () shrinks towards zero when A becomes large.

Lemma D.5. For any A >0 and i € [n], 8" ()) < % < 1 when m is large enough.

Proof. Let h} (,8, )\) = A"™(B)vi(B) — AB™(3). It suffices to show that h} QB,)\) < his((), )\) = 0 for

all > £ % and large enough m. Since lim,,_,o, B™ (B) = 1%5 by Lemma |D.3| there

exists some m € Ny such that for all m > m, B™ (B) > % . % Thus, for any 8 > 8 and m > m,
S m m = — m (. — — )‘ B
hi (57)\) = A"(B)vi(B) = AB™(8) < qoi - (T+ @) — AB (5) < qoi- (T+w)— 5 1-3 =0,
where the first inequality is due to the facts that A™(3) <1, v;(8) < qo;i - (7 + @) from Lemmal[A.4]
and B™ ([5’) is increasing in § by Lemma O
Lemma shows that GI"(\) is large when A is small.
Lemma D.6. For any 3 < 1, BIr(A) > Bifx<(1— 3)2%’(3) and m 1is large enough.
P'ro()f, Let ¢ = (]_ — §)2'y£(ﬁ~) —A>0and d = % . Mm Since by Lemmas |D.3| and D4,

A™(B) and %Am(ﬁ) converge to 1 and 0 uniformly on [0, 5] when m grows to infinity, there exists
a constant m independent of spoke i such that for all m > m and 3 < 8, A™(B) > 1—6 and
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%Am(ﬁ) > —4. Thus, the derivative of the objective of the spoke problem satisfies

d m m
35 (A7 (Bm(3) = AB™(5)
(543 u(3) + AU - A B
> = 5 3(8) + (L= 8)i(8) - A B3
Q) A
>7(8) - 1=p2 =6 (F+w) - (g0 + qoi)
(i) € 5
C(1-pp 2
>0,

where (i) is because %Bm(ﬁ) < ﬁ by Lemmaand 7i(B) < qoi(F+@) and v4(8) < gio(F+@)
by Lemma and (ii) is from the definitions of ¢ and 6. Therefore, the objective is strictly
increasing in [0, m and as a result, 8" (\) > 3 when m > m. O

Let A(9) denote an optimal solution to the perturbed problem V®7(9). First, we have \(J) >

If not, then from Lemma m B (A(6)) > f8 for all i € [n] when m is large enough. Since B™(f) is
1ncreasmg in 8 by Lemma ZZ L B™(B™(A(0))) = nB™(B). Moreover, since limy, o B™(3) =
105 forall B <1 and 1= 5 > ’"*" = S B™(BM(A(6))) > m when m is large enough. But

thls contradicts with the fact that Z " B™(B™(A\(0))) < m — & by the optimality condition of
A(9). Hence, A\(6) > £, and from Lemma we have

£
n’
is

2qo; - (T + @) <ge 2q- (r+w)
A(0) + 2qoi - (F+ @) — e+2q- (T+w)

<1

BIH(A)) <

Finally, letting ¢ = %, we have E[)N(l(é)] = Bm(ﬁzn()\((S))) < % < % =c.

D.2 Proof of Proposition [5.1]

Since spokes are identical, we drop the index ¢ and let v(3) = v;(8) and h°%(X) = h$ () for ease of
notation. First, it is easy to see that V¥ = 4(1) and thus V(7 ) = A (1).

Let p= 7 and A =n\. Then

SR _ o o ps
Vv —Iglzlg{m)\—i-n h ()\)}

=g {oor s 0 fam(5) 0 - 570

A>0 B>0

= min { oA+ max { 479 5(8) - A B7(3) |}

A>0 =0

Lemma shows that solving the problem with m = oo provides an upper bound on V5% in the
large network limit.
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Lemma D.7 (Interchange of operations).

lim VS® < min {p)\ + max {A (B)-4(B) — - BOO(ﬁ)}}. (85)

n—00 A>0 £>0

We prove Lemma [D.7] at the end of this section. In the following, we optimize the right-hand
side of . Note that

min {pA + max {AOO(B) 4(8) = A- B°°<ﬂ>}}

A>0 B=0
=min max {,05\ +4(8) =\ B} (86)
A>0 BE[0,1] 1-p6
. B
= bt —— <
s {30 w1 7550}

where the first equation is because we can restrict the domain to 8 € [0,1] by Lemma [D.9 . Since
4(B) is concave by Lemma [A.3] the second equation is due to the fact that the right-hand side is
a convex program and strong duality holds. Since 4(f5) together with —ﬁ is increasing in 8 by

Lemma |A.2] the optimal solution * satisfies % = p and thus g* = lip = m’in. Combining

and @D, we have lim,, o, VS® < §(5%) = ’Ay(mr_?_n), and this provides an upper bound on the
performance of any static pricing policy in the large network fegimo
On the other hand, for any n, let p = p — O(\/ln n/n) = 1+~, and d;o and dOZ an optimal

solution to ’y(BN) Based on the analysis in Appendix 1| (especially equation and Section
, the performance of the static policy using djo and algZ converges to the upper bound fy( )

in the large network regime. Thus, the bound is tight and V* = 'y(m n) in the limit.

D.2.1 Proof of Lemma [D.7]
We let hm(ﬂ,j\) 2 A™(B)A(B) — AB™(B), hm(S\) = %13())( hm(ﬁ,ﬂ) and Bm(S\) denote an optimal

solution to h™(X). Let h*(8,\) 2 A®(8)4(8) — AB=(8) and h*()\) and ,6’00( ) denote the
maximum value and point over 3 for a given A. From Lemma we have ¥(8) < ¢ £ n-qo;- (F+@)
for all g > 0.

Lemma D.8. For any A>0, g™ (5\) < ﬁ < 1 when m is large enough.
Proof. This is exactly Lemma O
Lemma D.9. 3=(0) = 1 and f=(\) <

Proof. For any A >0 and B>B= analogous to the proof of Lemma [D.5, we have

oo 1) . qo0 ~ \ poo E\ B N _ 100 E\
Thus, 8°(}) < A\ = 0. Then h*=(3, 1) = A®(B)4(8). If B < 1, A®(B)4(B) = 4(B) is
increasing by Lemma[A.2| If 5 > 1, A®(B8)A(B) = % with derivative a5 (7(’8)) w <0
because the numerator is non-positive by Lemma Thus, BO"( ) =1 O
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Lemma D.10. For any A > 0, limy, o0 ™ (5\) = h*>® (5\)

Proof. If A > 0, from Lemmas [D.8{ and [D.9, we can restrict the domain to be 3 € [0, 262;3 5\}. From

Lemma [D.3) A™ () and B™ () converge to A% () and B*°(f) uniformly on € [O, 22‘;5\} as m

goes to infinity; this implies lim,,_oo A™ (5\) = h™ (5\) If A = 0, the result follows analogously
because A™(3) converges to A>°(S) uniformly on 8 > 0 by Lemma O

Now we are ready to prove Lemma By the definition of V5%, for any A > 0 we have
ver < o+ {A7(9) - 4(9) - A B7(0) .
Taking limits on both sides and noting Lemma we have

dn v < o {49 5(8) - A 5 (9)

Finally, minimizing the right-hand side over A > 0 gives the desired result.

D.3 More Details on Example [5.1]

Since gio = qo; = % and all private values are uniformly distributed on [0, 1], v;(8) = % . % and
doi(B) = % and d;o(B8) = ﬁ are optimal to ;(). Since spokes are identical, we drop the index
i and let y(83) = (/) for ease of notation. Let p = * = %, ¥(B)=n-v(B)=1- % and A = n\.

Letting B* = ﬁ = = %, from Proposition and the proof therein, 4(3*) = L is a tight
upper bound on the performance of the optimal static policy in the large network limit, and the

asymptotically optimal static policy converges to d;o(5*) = % and do;(8*) = %

We now provide a lower bound on the Lagrangian relaxation bound V® and show that it is
strictly larger than V5" in the large network regime. Since lim,, oo {VR — VOPT} = 0 by Corollary
this implies that no static pricing policy is asymptotically optimal in the regime. We can
also get a simple dynamic pricing policy that is strictly better than the optimal static policy as a
byproduct.

Since the number of resources per location is relatively small, it is beneficial to keep the number
of resources in each spoke to be small, thus retaining some resources in the hub. Motivated by this,
we consider a family of cutoff policies with some parameter k that keeps at most k resources in a
spoke and uses static controls to manage these resources. Analogously, we can provide a bound on
the performance of any cutoff policy with a parameter k by relaxing the constraint that the hub
has non-negative resources with a dual variable A > 0; the best performance bound is given by

VAR~ min {px + max {A’“w) 4(8) = A Bk(ﬂ)}}’

A>0 B=0

which is equivalent to maximizing the average revenue subject to the constraints that the expected
number of resources in the hub is non-negative and we restrict to cut-off policies. The max-min
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inequality implies

B20 >0

= max {A5(8)3(8) st. BY(8) < p}

B=0

> Ak(ﬁ)’y(ﬁ) where j3: B* (/3’) =p.

V*R > maxmin {,05\ + Ak(ﬁ) “A(B) — A Bk(ﬁ)}
(B

Take k = 2. We can solve 3 = @ ~ 0.593 from B2 (B) = % =p= % Since VR > V&R for
any k € N; we have

VR > PR > Ak=2 (B)’AY(B) ~ 0.152 > % > VSR,

Finally, analogous to the discussion at the end of Section we can construct cut-off policies
with asymptotic performance equal to AF=2 (ﬁ)ﬁ(ﬁ) by using a perturbed 8 = — O(\/ln n/n)

E Performance Analysis of Uniformly Related Hubs

In this section, we analyze the performance of policy 7(§) for the special case with uniformly related
hubs as described in Definition

Definition E.1 (Uniformly Related Hubs). A network with uniformly related hubs is a hub-and-spoke
network with multiple hubs where:

1. for each spoke i € [n], the revenue functions r;;(d) and r;;(d) are identical across hubs, i.e.,
ri;(d) are identical across j € [J] and so are 7;(d);

2. for each spoke i € [n], the request rates satisfy ¢;; = ¢;-¢;; > 0 for all hubs and some constant
ci > 0;

3. for any two hubs j and j’, the request rates and the maximum points of the revenue functions
as defined in Assumption satisfy d;j, Qi = d;f,j " qjrj-

Assumption is a form of symmetry in which, for each spoke, the revenue functions and ratio
of requests are identical across hubs. We allow, however, revenue functions and request rates to be
different across spokes. Note that a sufficient condition for part |3|is that, for any two hubs j and j,
the request rates satisfy ¢;;; = ¢j; and the revenue functions satisfy r;;(d) = rj;(d). Proposition
shows that with uniformly related hubs, pu; = 0 for all j € [J] constitutes an optimal solution
to (L6]) (this is equivalent to the flow balance constraint in being redundant) and the controls
di(z,i,7) and d;(z,j,1) in the Lagrangian policy derived from are identical across hubs. We
can show that when hubs are uniformly related, at optimality, the flow between each hub-spoke
pair is balanced. Summing over each spoke we obtain that hubs are balanced. Moreover, using the
Lagrangian policy in the original system, we obtain a unique stationary distribution with a special
form.

Proposition E.1. For a network with uniformly related hubs, the following properties hold:

(a) The flow balance constraint of (16)) is redundant;

82



(b) For the Lagrangian policy w(8), all controls d;(x,i,7) and d;(x, j,i) are identical across hubs
J and d;j = d;j/ for all hub-to-hub requests;

(c) In the original system, the Markov chain with the policy 7(d) has a single recurrent class C
and is aperiodic; thus with this policy we obtain a unique stationary distribution over states,
which we denote by P(xy,Xs), where Xy = () ey € N’ and x5 = (zi)icpm) € N denote the

number of resources in the hubs and the spokes, respectively;
(d) P(-) is reversible in C; and
(e) Conditioned on a state xg = (;);c|n of the spokes, P(-) is uniform across the resources in

the hubs, i.e., P(xu,%xs) = P(x};,xs) for any xu = (2;)jeps) € N/ and x}; = (%) je) € N/

with 2 %5 = L) ¥ = M~ Lieln) i

We prove Proposition at the end of this section. Part (e) of this result implies that the
number of resources in the spokes xg only provides information on the number of resources in
the hubs xy through their summations Zie[n] x;, and vice versa; this follows directly from the
reversibility property in part (d). We will use this fact to bound the probability that any hub is
depleted in the following analysis. In particular, we consider a high multiplicity model and we show
with a particular choice of the parameter §, the depletion probability IP’[X j(0) = O] of each hub j
of the original system diminishes to zero as the number of spokes n increases, the ratio 7+ remains
fixed, and the number of hubs J grows at rate o(n).

In the high multiplicity model, we assume the n spokes can be divided into S distinct spoke
types and the number of spokes of each type s is fixed to be a proportion as > 0 of n. All spokes
of a given type have the same revenue functions and have the same arrival rates into and out of
each hub (these rates may vary across hubs).

From Corollary and Proposition 4.6, we have that the probability that all hubs run out
of resources in the original system goes to zero when n increases and the ratio 7 remains fixed.
Because the resources in the hubs are uniformly distributed according to Proposition part (e),
the depletion probability of each hub j of the original system diminishes to zero as well, as we show
in Proposition [E.2]

Proposition E.2. Let a = min,c[sjas and let b = m In the high multiplicity model, the
depletion probabilities of each hub j of the original system are equal and satisfy
b 52 J—1
P[X;(8) = 0] <exp( —<- + .
i(0)=0] < Xp( 8 m+n—;5> L+ J—1

Putting Theorem [6.1] and Proposition together, we obtain the following result.

Corollary E.3. Under the high multiplicity model, the Lagrangian policy 7(d) with 0 < § < m
satisfies

V() < VOPT < VT(5) + 7 L+(f+a;) ex (—b i >+ Jo1
=7 = m—2o P78 mn-1s) " Tors-1[

where b is as in Proposition [E.2 Moreover, if m and n grow at the same rate and J grows at a
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sub-linear rate with J = o(n), by choosing § = max {\/ nd, \/% -(m+mn)- lnn}, we have

VOrT —v7T(5) < O(max{\/z W})

E.1 Proof of Proposition [E.]]

Parts (a) & (b): We first show in Lemma that the Lagrangian policies with dual variables
pj =0 for all j € [J] and any A > 0 have the desired properties as stated in Proposition parts
(a) and (b).

Lemma E.4. Let di(x,i,5), di(x,j,1), and djj be the controls of a Lagrangian policy with dual
variables pj =0 for all j € [J] and some X > 0. We have

1. di(x,i,7) and d;i(x,j,1) are identical across hubs; and

2. djj’ dx and

j§'7

3. the in-flow and out-flow of each hub j is balanced in expectation, i.e., for each j € [J],

Z%] sz fL‘,Z,] +qu] Z‘bzzpz $ Iyt +ZQJJ

§'=1 j'=1

Proof. First, d;; = argmaxde[oyl]{rjjr(d) +d- (g — )} = d};, when y; =0 for all j € [J]. Next,
let p;(x) be an optimal probability distribution to the spoke ¢ problem. The controls d;(x, j,i) and
di(z + 1,4, 7) are optimal to the concave problem

J
max ZQﬂ Tji d]z +pz x+1 un Tz]
dijzdjie[ovl] J 1 :
J
s.t. pi(z) - ZjS “dji = pi(x +1) - Z%’j “djj.
=1 j=1

Since 7;5(d) and rj;(d) are strictly concave by Assumption the solution is unique. Moreover,

since these revenue functions are identical across hubs by Definition [E.I} Jensen’s inequality implies

. . 1 qjidi
that d;(z,4,7) and d;(z,j,1) are identical across hubs. Otherwise the average controls 2= G

d .
are feasible and yield a strictly better objective. Finally, summing up the flow

balance constraint in ((15)):

Z%z' l’], pz -'L“"l ZQU 13"'1,27])

on both sides over = € [0: m — 1] and noting that d;(0,7,7) = 0 and d;(m, j,i) = 0 for all j € [J],
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we have
m m
Zpi Z%z' € ]7 Zpi ZQU $ala]
=0 =0

which implies that the flow is balanced for each spoke. Since the controls are identical across hubs
and the request rates satisfy ¢;; = ¢; - ¢j; for all j € [J] and some constant ¢; > 0 by Definition
the flow between each hub-spoke pair is balanced, i.e., for any j € [J] and i € [n]

m
> pi(a) - qji - di(, §,4) sz iy di(, 1, ).
=0

Summing both sides over spokes plus the fact that d;; = d;fj, and the third condition of Definition
implies that the flow is balanced at each hub. O

To show the flow balance constraint of is redundant, it suffices to show the constraint
holds by itself if we solve ignoring this constraint. This problem corresponds to minimizing
the objective of over A > 0 while keeping p; = 0 fixed for all j € [J]. Lemma indicates
that the flow balance constraint indeed holds by itself, and all the properties of the controls stated
in parts (a) and (b) are satisfied.

Part (c): The properties of the controls stated in parts (a) and (b) imply that the resulting Markov
chain under the Lagrangian policy enjoys some helpful properties. Let xy = (7;);e[s) € N’ and
Xg = (%‘)ie[n] € N” denote the number of resources in the hubs and the spokes, respectively, and let
the system state be the resource levels (xy,Xs) € N’T™. Due to the assumption that the network
topology is strongly connected and the fact that the controls for requests between a hub and a
spoke are identical across the hubs, it is easy to see the Markov chain with the policy 7(J) has a
single recurrent class C = {(XH,XS) c Nt Dicln Tit e @i =m, x; € i for all i € [n}} and
is aperiodic. Hence the Lagrangian policy is a unichain policy, and with this policy the limiting
distribution converges to a unique stationary distribution, which we denote by IP(XH, xs), indepen-
dent of the initial state.

Part (d): We say that P(-) is reversible in C if for any two states (xu, Xs), (X}, X5) € C,

1o A ot
IPD(XH7XS> 'p(XH7X37XH7Xs) = IP>(XHaXs) 'p(XnysnyaXS)a

where p(xy,Xs, X}y, x5) denotes the transition probability from a state (xu,%s) to a state (x};,x%)
with the Lagrangian policy. This part is a direct consequence of Theorem 6.5.1 in [Durrett| (2010)),
which provides a necessary and sufficient condition for an irreducible Markov chain to have a
reversible measure.

Lemma E.5 (Theorem 6.5.1 in |Durrett| 2010). Consider an irreducible Markov chain with states
denoted by x and transition probabilities denoted by p. A necessary and sufficient condition for the
existence of a reversible measure is that

1. p(x,x") > 0 implies p(x’,x) > 0 for any two states x and x'; and

2. for any loop of states xg,x1,- - ,XN = Xg with Hk 1 P(Xk, Xk—1) > 0, Hiv 1 1;(’;27);’)(’3

We show the transition probabilities p induced by the Lagrangian policy satisfy the conditions
in Lemma within the recurrent class C. The first part simply follows from the fact that
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ajj' - &0 = qjj - dj; from part |3 of Definition and d;(z — 1,7,1),d;(x,1,5) > 0 for any = € I;
due to part (b).

We now prove the second part. Let s; denote the request that induces the transition from state
Xj to Xg41, S denote the reverse trip of si, and z; denote the number of resources in spoke 4
when the state is x;. Let S, = {sr = (j,5') : j4,j' € [J]} denote the set of requests between the
hubs and S; = {s = (i, ) or (j,i) : j € [J]} denote the set of requests between a hub and spoke 1.
By partitioning requests into these sets, it is equivalent to show that

H s, - dy, - H H sy, - di(Tpyis ) = H 05, - d3, - H H s, - di(Trg1,is k) -

k:sp€Sh ie[n] k:sp€S; k:sp€Sh iE[n} k:sp€S;

Eh € e} el

It suffices to show that e, = ¢}, and &; = ¢} for all i € [n]. ¢, = ¢}, is clear from the fact that
qjjr - d;; = qyj - 7, in part (3 of Definition To see that ¢; = & for any ¢ € [n], note that
Xo = xy implies that xo; = Xy, i.e., the resources transiting out of spoke 7 equals the resources
transiting into spoke 7. Based on this, it is easy to show that Hk:ske&_ gs, = Hk:ske& qs, from part

of Definition and Hk:ske&- d; (ajk’i, Sk) = Hk:ske&- d; (ka,i, §k) from part (b) of Proposition
L

1 thus g; = ¢;.
Part (e): Suppose spoke i is connected to hubs j and j’ and z; > 1. From part (d), the Markov
chain is reversible and hence we have

P(xu,Xs) - qji - di (@3, §,7) = P(xu — €j,%s + €;) - qij - di (xi + 1,4, ),

and
P(xu —€j + €j1,Xs) - qyvi - di (24,7, 1) = P(xu — €j,Xs + €;) - qir - di(wi + 1,4, §).

Since the controls d;(z,,7) and d;(x,j,) are identical across hubs by part (b) and the request
rates satisfy ¢ij/qji = ¢ij /qji = ¢; > 0 from Definition ]P’(XH, XS) = IE”(XH —e; + ey, XS). The
general result follows from the fact that the network topology is strongly connected.

E.2 Proof of Proposition [E.2]

First, for the high multiplicity model, since the expected number of resources in the spokes of the
relaxed system is no larger than m —d, we have E[X;(6)] < 2% for all i € [n]. Let random variables

Xo(9) = Zj’:l X;:(8) and Xo(8) denote the sum of resources in the hubs of the original system and
the relaxed system under the stationary distributions of the Lagrangian policy 7(d). Proposition
[E.1|(e) implies that conditional on the total number of resources in the hubs, the distribution of

resources across the hubs is uniform. Therefore, we have

k+J—2 _
P[Xj(é) = O’Xo(5) = k] = Ekﬁi;él; Tk i J 1 U
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Thus,

k=0

“ J—1 J—1
=;P[Xo(5)=k]'k+J—1:E[X0(5)+J—1] (87
<E|1[X0(5) < ] + 1[Xo(5) > ¢] - W]
< PlRo(d) < +

for any constant ¢ > 0, where the last inequality is because Xo(8) =rosp Xo(8) from Lemma
dropping the second indicator, and using that (J —1)/(z + J — 1) is decreasing for = > 0.
Let u =E [ > X;(6 )} be the expected number of resources in the spokes of the relaxed system.

Since the policy 7(0) is solved from the perturbed Lagrangian relaxation, we have 0 < u < m — 4.
For any v € [0,1], set c =~ - (m — p) in and we have

J—1
m—p)+J—1

J -1
+75+J—1'

P[X;(6) = 0] < P[Xo(é) <7 (m—u)] + 5

(88)
< P|Xo(d) <7+ (m—p)]

We can bound the first term in (88)) using the concentration inequality developed in Lemma
of Appendix [A.10, Specifically, applying Lemma [A.12| with X\ = W and b =

1 .
TFm/@n) 8ives

P[Xo(8) <7 (m—p)| =P

mezm—wm—m]
=1

SGXP{—Z" (/\M—M+(n+u)-ln<1—il‘jlz>)}
=exp{—b- ((1—7)'(m—u)+(n+u)-1n<m+ni‘:ﬂ(m_#)>>}

=exp{b' <<n+ﬂ>~ln(m+”;1';m‘“>) —(1—7)-(m—ﬂ)>}-

)

(89)
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Since Inz < £= for > 1, we have

—1
=

(1—7)-(m—p) n+p
® < (n+p)- ——y : m+n_7.(m_u)—(1—7)-(m—u)

o ) m—p)
=1 =9)-(m—p) <\/1 m+n—75-(m-—p) 1>
(1= (m —p)’
2-(m+n—vy-(m—p))
(1—9)*-0°
2-(m+n—75)7

where the second-to-last inequality is due to V1 —x — 1 < —% for x < 1. Thus from we have

PXo) <7+ (n )] <emp (- 5 B0, (90)

Combining and we have

(1—7)2-52>+ J -1

b
]P’[Xj((S):O]gexp(— U1

2'm+n—7(5

Letting v = % gives the desired result.

F Exponential Relocation Times in a Single Hub Network

With exponential relocation times, the Lagrangian simplifies greatly as we only need to track the
number of resources on each route and in each location. Suppose we have one hub and n spokes,
and the relocation times for requests (¢,0) and (0,4) follow independent exponential distributions
with mean values 7;9 and 7g;, respectively. Let A = Zie[n] 10 + Mo; denote the total request rate.

For each spoke ¢ problem, we let x; denote the number of resources in the spoke and x(; denote
the number of resources in transit from the hub to the spoke; we require that z; + zg; < m
to bound the state space. The resources that are leaving the spoke are irrelevant to the spoke
problem. Suppose the current state is (x;, zo;) and no request is fulfilled in the current period. Let
p(zi, xoi, Ti, To;) denote the transition probability that the next period starts with a state (Z;, Zo;).
We have

A Zo; 1 Toi—T0s

zo; Toi e ) - S )

p(4, Toi, Ti, Toi) = G (AH/TOZ') (AH/TO’) H Toi = oi and i+ Toi = i+ oi
) ) M

0 otherwise,
because each resource on (0,7) will reach spoke i with probability Ail‘r/f});'o' and keep relocating with

probability ﬁ by the end of the current period. The spoke problem is:

P = J 2 i) " 0 ° ) L 3 g — . . . 9 . -
hi B d; (Ii’xgl’?:)oi)e[oﬂl]’ Z b (x“ xOZ) {qZO |:r10 (dl (x“ L0is 0)) A dl (xla Z0i,?, 0) A T30
d;(x;,204,0,3)€[0,1], (wi,20:)
Pi(%4,20:) 20
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+ qoi - Toi (di(ﬂﬁi,xou O,i)> — A (x + JEOi)}

s.t. Z pi(a:i,a:()i) = 1,

(wi,0:) EN2: 430, <.

piwi,xo) = Y pilds, Foo) - |:Qi0 - di(Z4, Z0i, 1, 0) - p(Z; — 1, Zoi, 4, Toi)
(Z3,%o0s)

+ qoi - di(Z4, T04,0,1) - p(Ts, Toi + 1, 24, T0;)
+ (1 — Gio - di(Zi, Zoi,1,0) — qo; - di(jiafoiaoai)) - p(Zi, Toi, T4, Toi) |

di(wi, 20i,1,0) = 0, V ; = 0,
di(mial‘Oiaoai) = 07 v T; + To; = M,

where in the objective, the term Z(Ii79€0i) A - qio - pi(x4, ;) - di(24, 204, 4, 0) - Ti0 equals the expected
number of resources moving from the spoke to the hub by Little’s law.

G More on Numerical Examples

In this section, we plot the stationary distributions of the number of resources in the single hub
example (Section in Section we consider another synthetic example with two hubs in
Section and we provide more numerical results for the RideAustin example (Section in
Section

G.1 Stationary Distributions in the Single Hub Examples

Figure [6] shows the stationary distributions of the number of resources in the hub of the one hub
examples in Section under the Lagrangian policy 7(J) and the static policy 7F. Based on
the results in Whitt, (1984), we actually have analytical expressions for the marginal distributions
with the static policy: the probability that there are x resources in any location i € [0: n| is
(m+::117k)/(m:n) (note that n + 1 locations are in the example), with the mode being that the
location has zero resources.

G.2 Two Hub Examples

In this section, we consider examples with two hubs as illustrated in Figure [7} these hubs are not
uniformly related as defined in Definition We let the arrival rates be ¢;1 = 3% and ¢q; = 6%
for hub 1, and g = & and g9; = % for hub 2, for all spokes i € [n], and let all the other arrival
rates be zero; thus without the flow “balancing” constraints captured by the dual variables p, hub
1 tends to accumulate resources whereas hub 2 tends to lose resources.

For each fixed n, we calculate the same quantities as in the one hub examples (Section , and
we additionally calculate: the Lagrangian relaxation upper bound V¥ omitting the flow balance
constraints at the hubs, and the performance V”(é) of the policy derived from the perturbed
problem, with 6 = v/nlnn, omitting the flow balance constraints at the hubs. Figure [§| shows the
simulation results for the two-hub case. From Figure |8] when there are multiple hubs and the hubs
are asymmetric, omitting the flow balance constraints at the hubs leads to a loose upper bound
and that the corresponding Lagrangian policy does not perform well.
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Figure 6: Stationary distributions of resources in the hub for the one hub examples (Section , with
varying number of spokes n. (a) is with the Lagrangian policy m(4) and (b) is with the static policy 7".
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Figure 7: A hub-and-spoke network with 2 hubs (grey) and n symmetric spokes. We only draw the connec-
tions between spoke i and the hubs. Edge widths illustrate relative values of request rates.

Figures [9] and [I0] show the stationary distributions under the Lagrangian policy that omits the
flow balance constraints of the hubs and the Lagrangian policy that incorporates these constraints,
respectively. Since hub 1 tends to accumulate resources whereas hub 2 tends to lose resources,
without flow balancing, hub 1 have excessive resources and hub 2 is essentially depleted.

G.3 More on the RideAustin Example

Figure [11] shows the partition of Austin, Texas with n = 100 locations and the ride flow of the city
based on the partition. In the ride flow figure, each node represents a location of the city. The
radius of a node is proportional to the amount of the requests that leave the location, and the
width of an edge is proportional to the size of the requests on the edge. An edge has the same color
as its origin location.
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Figure 8: Simulation results of the two-hub case. (b) is magnified versions of (a), highlighting the per-
formance of our policy and the Lagrangian relaxation upper bound. 95% confidence intervals around
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Figure 9: Stationary distributions with the Lagrangian policy that omits the flow balance constraints in the
hubs, for the two hub examples (Section |G.2). (a) is for the total number of resources in the hubs, (b) is for
the number of resources in hub one, and (c) is for the number of resources in hub two.

Figure [12]illustrates the locations of hubs obtained from solving with different values of J
from one to six. For each value of J, the locations of the J hubs are the nodes labelled from one
to J.

Figure demonstrates how the performances of the Lagrangian policy 7(4) and the Lagrangian-
based static policy 7°(J) varies with ¢ for each value of J.

91



0.035 0.04
~ J—TI) \ 0.045
I\ ———n=200 \
[ — — —n=300] | 0.035 \ \
008 [ ———n=d0 \ 0.04 -\
I \ n = 500 \ \
[ 003 U \
oo25f 1) g ! 008
| \ \ \
\ \
! AN 0025 v 0.03 \
AT \ N
002F /1oy \ A
[ R \ 0025
AR 002 4 \
LA xA <\ .\
00155y (ICARERNN RN o0z~ -\
[ o N, 0.015 INS AR
! (DR TN R
/ s \ VN 0015 N
ootr I s \ v\ ‘N
A \ 0.01 WARNS W
I / \ \ \ NN 0.01 VY
Ny \ \ \ RN LR
0.005F; ©, 7 \ \ N ol L [N (RN
1 \ VNN 0.005 AN ANNN 0.005 N LR RS
//,/ \ \ N \ \ N \ NN
/;/ N N - ~ \\ SO~ \ ~ ~<
o . . AN SN . — o . PR o~ S L o | R et~ N S S S
0 20 40 60 80 100 120 140 160 180 200 0 2 40 60 80 100 120 140 160 180 200 0 2 4 60 8 100 120 140 160 180 200
£ & !
(a) (b) (c)
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Figure 10:
constraints in the hubs, for the two hub examples (Section |G.2). (a) is for the total number of resources in
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